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PARr I 
Regression analyses are perfo:ored on in vivo hencdialysis data 
for the transfer of creatinine, urea, uric acid arx1 inorganic phosphate 
to dete.rmine the effects of variations in certain paramet.ers on the 
efficiency of dialysis with a Kiil dialyzer. In calculating the mass 
transfer rates across the nenbrane, the effects of cell-plasma mass 
transfer kinetics are cxmsidered. The ex>ncept of the effective per-
meability coefficient for the red cell I"''EEtbrane is introduced to 
account for these effects. A discussion of the consequences of neglecting 
cell-plasma kinetics, as has been done to date in the literature, is 
presented. 
A physical srodel for the Kiil dialyzer is presented in order to 
calculate the available nenbrane area for mass transfer, the linear 
blood arxl dialysate velocities, and other variables. The equations 
used to det:.eorui.ne the inlependent variables of the regression analyses 
are presented. 'Ihe potential dependent variables in the analyses are 
discussed. 
Regression analyses were carried out cx:>nsidering overall mass-
transfer coefficients, dialysanoes, relative dialysances, am relative 
perneabili ties for each substance as the deperdent variables. The 
irX!eperdent variables were linear blood velocity, linear dialysate 
velocity, the pressure difference across the merrbrane, the elapsed 
t.i.ne of dialysis, the blood hematocrit, arxi the arterial plasma 
concentrations of each substance transferred. The resulting correlations 
are tabulated, presented graphically, arx1 discussed. The .inplications 
of these correlations are discussed fran the viewiX>int of a research 
investigator and fran the viewpoint of patient treatment. 
Reocmnendations for further experimental work are presented. 
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PARI' II 
ABSTRI\CT 
The interfacial structure of ooncurrent air-water floK~ in 
a b&-inch diameter horizontal tube in the wavy flow regime has 
been neasured using resistance wave gages. The Jredian water 
depth, r.m.s. wave height, wave frequency, extrema frequency, 
and wave velocity have been measured as functions of air ar¥3 water 
floot rates. Reynolds nmbers, Fro\rle mmbers, Weher nunbers, ar¥3 
bllk vel.oci ties for each phase may be calculated fran these nea-
sure~~entsK No theory for wave formation and propagation available 
in the literature was sufficient to describe these results. 
The water surface level distribution generally is not ade-
quately represented as a stationary Gaussian process. Five types 
of deviation fran the Gaussian distribltial function were noted 
in this work. The presence of the tube walls and the relatively 
large interfacial shear stresses precl'OOes the use of sfnl?le 
statistical analyses to describe the interfacial structure. A 
detailed st\Xly of the behavior of individual fluid elements near 
the interface may be necessary to des cribe adequately wavy b&-
phase flow in systems similar to the cne used in this work. 
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PART I 
THE EFFECTS OF VAlUATIONS IN CERI'AIN PARAMETERS t..JJ?all THE 
EFFICIENCY OF IN VIVO HEM)[)IALYSIS WI'IH A KilL DIALYZER. 
-2-
lNl'OOOUCI'ICN 
OVer one hundred thousand Americans die each year as a result 
of kidney diseases or fran effects related to kidney diseases (42). 
Although hemodialysis has been clinically feasible for twenty-five 
years, virtually nothing can be done for these over cne hundred 
thc:usand ~ople; nor will anything appreciable be dcne rmtil the 
extremely high costs of dialysis, whidl result fran the relative 
tedmical inefficiency of the process, are substantially reduced. 
The effect of deaths due to kidney disease upon society is increased 
by the predilecticn of the disease for yormg adults. Kidney disease 
is the major cause of death fran chrcnic illnesses in yO\IDg adults. 
The loos of these yormg adults who are parents of young dlildren and 
who are just beginning to ccntribute to the nation's eccnany has a 
greater sociolcgic and econanic effect than the loss of older 
individuals whose children are gr<:Mn and whose careers are largely 
cx:rnpleted. In additicn, kidney disease results in the greatest loos 
of tine fran VJOrk Clllcrlg wcrnen and amcng the entire population rmder 
25 (42) • 
The need for an efficient and inexpensive method of henodialysis 
is obvious, and significant progress tx:Mards this goal has been 
achieved. The first artificial kidney was developed over forty years 
ago. 1\cutely ill patients have been treated for twenty-five years with 
artificial kidneys, but drronically ill patients have been sucCEss-
fully treated for less than a deccrle. Significant engineering 
interest in haocxli.alysis has also existed for less than a decade. 
Sotretimes the engineering researdl has had 1i ttle practical effect en 
the applicaticn of henodialysis to the b:>.nefit of the patiE".nt. This 
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work att:erpts to elucidate points which will not only be of engi-
neering significance in the design and analysis of artificial kidneys 
hut which will also have an i.rrlmdiate effect on the application of 
hemodialysis to benefit patients. 
The effects of variations of volumetric blood flow rate upon the 
efficiency of in vivo and in vitro hEm:x:li.alysis have been investigated 
freq:uently during the past twenty years (18, 27 1 49 1 52) • In a 
classic paper (52) • Wolf investigated the effects of blood flCM am 
bath voll.llre on the in vitro rate of material exchange in a Brigham-
Kolff type drum kidney. The effect of blood flow on the transfer 
rate was I'X)t the sarre for all <::CfllX)unds tested by Wolf. Wolf defined 
the dialysance of a substance as being the quantity of a substance 
transferred betw'een blood and dialysate per nnit tine divided by the 
maxi.rrun cx:moentration gradient of that substance between the blood 
and the dialysate, or 
D= m 
~K- cd· 
l. l. 
Different materials have different characteristic dialysanoes; so 
the concept of relative dialysance, or the ratio of the dialysance 
of a given substance to that of a standard substance, such as urea or 
chloride, treasured at the sarre oonditions, was introduced. The rela-
tive dialysanoes of all substances were fonnd to be differing functions 
of volmetric blood flow rate, all other cxmdi tions being identical. 
M. J. Sweeney (46) proposed a rrodi.fication of Wolf's relative 
dialysance concept to rem:>ve this dependency of the relative 
[11 
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dialysance upon voll:uretric blood flow rate. 
~y proposed a relative pemeability coefficient based 
upon the permeability ex>efficient for a substance. 'The permeability 
coefficient for a substance x is defined by 
p ~ D 7 1n [1 1~ nax] 
'The rnaxinun dialysance for a countercurrent flow dialyzer, such as 
the Kiil dialyzer, is equal to the lesser of the blood and dialysate 
flow rates. The lesser quantity is alnost invariably the blood fJ.o./ 
rate. This permeability coefficient is a si.rrplification of a 
permeability presented by Galletti (21). His perrreability for a 
ootmtercurrent flow dialyzer is 
% Qd 
p = ln ----
A (Q - Q ) 
d b 
'!his penreability can be shown to be identical to the overall mass-
transfer coefficient used later in this loiOrk. If Qd is much greater 
than %' then [2a] si.rrplifies to [2]. 
The relative permeability coefficient for a substance is then 
p 
p =-
r 
Sweeney reported the In Vitro relative permeability coefficients 
for a number of solutes and for several membranes using the Klung 
arrl Twin-coil dialyzers. OVer t.he range of artificial blood flow 
{2) 
[2a] 
[3] 
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rates studied, the relative penneability CX)efficient was found to be 
independent of artificial blood flow rate. ~ney noted that the 
need for in vivo testing was obvious before this concept could becane 
clinically relevant. 
The effects of various other operating parameters have been 
studied. R. B. Freeman (18) and H. w. Brown (9) pointed out the 
influence of temperature on the rate of material transfer. H. W. 
Brown also studied the influence of nenbrane thickness on the in 
vitro transfer rate through the membrane. This work was carried 
further by c. Wilcox (51), who compared the in vitro penreabilities 
of six cellulose merrbranes with the values of each of six physical 
properties for the nemranes. 'n"le physical properties of the merrbrane 
may, of course, be m:x:lified to alter the transfer rate of carpounds 
through the membrane. craig (13, 38) has shown heM Ireehanical 
stretching of the ITEilt>rane may have a very strong effect on the 
transfer rate of materials through the merrbrane. One-dimensional 
stretching reportedly elongates the pores in the membrane and therefore 
decreases the rate of transfer of materials through the pores. '&lo-
dirrensional stretching apparently increases the size of the pores 
and thus increases the transfer rate. '!here is scrne evidence that 
this two-di.roonsional stretching effect causes the transfer of large 
macrarolecules in a Klung dialyzer (1). Blueml.e (8) presented sare 
evidence that dialyzer nenbrane s upports which cause the meil"hrane to 
be stretched in a b.a:>-dimensional fashion result in higher transfer 
rates across a dialyser membrane than supports which cause the 
membrane to be stretched in a one-dimensional fashion when a pressure 
gradient is applied across the rrembrane. This evidence, ~rI is 
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not oonclusi ve since the supports cause changes in the blcxxi flow 
patterns in the dialyzer which also effects the transfer rate. 
A number of mathematical rrodels of herrodialysis have been 
proposed in the literature (23, 24, 28, 31, 53). Since these 
rrodels involve a number of sinplifying assurrptions, their ul-
timate usefulness is not yet clear. All mathematical approaches 
assume that the overall mass-transfer coefficient is indepen-
dent of the volumetric flow rates of blcxxi and of pressure dif-
ferences across the membrane. The effects of changes in the 
blood and dialysate oampositions on the mass-transfer coefficients 
of materials are neglected. Changes in oontained blcxxi vol\.I'Tle 
in dialyzers, which results in changes in available rrembrane area, 
blcxxi and dialysate film thicknesses, arrl rremhrane stretch are 
assllr'OOd in these approaches to have no effects on transfer rates. 
The purpose of this work is to investigate how the changes 
in certain pararreters of in vivo hem:xlialysis affect the rates 
of transfer across the dialysis membrane. Using in vivo heno-
dialysis data supplied by WadS\\Orth Veterans Hospital in IDs 
Angeles, California, and dialyzer di.Jrensions for the Western C..ear 
Kiil dialyzer supplied by the Western Gear Corporation in Lynwood, 
California, the effects of variations of dialysis pararreters on 
the overall mass-transfer coefficients can be determined. The 
results will enable rrore accurate mathematical approaches to 
hem:xlialysis to be fornulated. The results also point out an 
error in the rrethod of determination of mass-transfer rates for 
_in vivo herrodialysis. This error has significant ilrplications 
for prior data reported in the literature and for the definitions 
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of certain concepts basic to hem:xli.alysis. The results also point 
out oerta:in deficiencies in the manner in which in vivo hem:xlialysis 
data are ex>llected. 'Ihese deficiencies were present when the data 
analyzed in this work were ex>llected. For this reason, certain 
indicated results of this work must be viewed with caution. Further 
experimental data are necessary, and the results of t.'lis work eluci-
date considerably the ex>nsiderations which must be l:x:>rne in mind 
when taking further in vivo experinental data. 
HEMODIALYSIS WITH A KIIL DIALYZER 
Kiil Dialyzer Characteristics 
The Kiil dialyzer, as manufactured by Western Gear, Sweden 
Freezer, and other finns, consists of a cl.anping apparatus, three 
machined polyprcpylene boards, and four cellophane-derivative mem-
branes. The Kiil dialyzer manufactured by Western Gear has the 
boards machined as sl¥Jwn in Figures 1 and 2. The overall dimensions 
am. board characteristics are presented in Figure 1 and the details 
of the gzuovoe machining are presented in Figure 2. There are 150 
groves per toard, 75 on each side of the central flattened area. 
The ~ end boards are machined this way on one side only; the 
central board is machined this way on roth sides. 
The asse:rbled dialyzer consists of the bott:an board, then two 
netbranes wi. th a blood port between them at each end of the ooards, 
then the central board, then two rrore merri:lranes with blood ports 
between them at the ends, then the tq:> ooard. The clanping assenbly 
surrounds the boards and clarrps e~ together. Blood flows 
through the blood ports into the space bebleen the rnertt>ranes in each 
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of the 'boo layers. The dialysate flows through dialysate ports in the 
polypropylene boards and through the grooves of the boards both above 
and below each of the blood layers between the nerbranes. The 
dialysate flCMS CX)UJ').tercurrent to the blocxl flow. 
Assen'bly and Preparation of Dialyzers for Dialysis 
The asse!tDly and preparation of dialyzers for dialysis undoubtedly 
has an appreciable effect an the efficiency of the dialysis. This 
is largely because the procedure caJ'll'¥:)t be don€ identically each 
time and because certain steps in the proc:::edure influence the mass-
transfer rate during dialysis. For this reason, the asserbly and 
preparation procedure used at Wadsworth Hospital is outlined here. 
Before assent>ly, the boards are scrubbed with a soap and water 
solution and rinsed while the rrerbranes are being thoroughly soaked 
in distilled water. The InE!!Wranes are standard PI' 150 Cuprophane. 
When the rt'E!IT'branes are <::Xll'Pletely wetted, assemly is hegun. The 
bottan half of the cl..anping assent>ly is placed an a cart, and then 
the bot tan OOard is placed on the assembly with the machined side 
up. A nenbrane is placed over the grooved, machined side of the board. 
All meni:>ranes are placed on the boards by the following procedure. 
~ people grasp the wet membrane between thumb and forefinger at 
each of the four a:>rners of the membrane. The rrerrbrane is held over 
the board arrl slightly stretched longitOOinally \IDtil it is slightly 
longer than the 38" length of the boards. The l'l'lE'!tt>rane will l'¥)t 
stretch much longituli.nally. Then one side of the ne00rane is 
placed on the board and the rrernbrane is rolled d<::M.n on the board 
starting at this side and proceeding to the other side. This 
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prooedure prevents the entraprcent of large air bubbles between the 
board arxl the rteli::>rane. SCree lateral stretching is applied to the 
membrane as it is being laid dcMn. The rteli::>rane stretches laterally 
much easier than it stretches longi ttrlinally. Any wrinkles in the 
me!l'brane are then rem:wed by hand. Next two blood ports are laid 
on top of the membrane in the proper ~ition and another rretbrane 
is laid dam. The first layer is cxxrpleted by placing the central 
board down on the second membrane. 
The second layer is then assembled exactly as the first layer 
was. After the top board is laid down, the top half of the clarrping 
asserbly is positioned and the clanps tightened. The clarrps around 
the center of the dialyzer are tightened first. All clanps are 
tightened with a torque wrench to the sane tightness, 15 ft.-lb. of 
torque. 
Next the asserbled dialyzer is pressure tested with air to make 
sure there are rx> leaks. First the dialysate sides of roth layers 
are pressured to 240 nm. Hg pressure difference across the menbrane 
and held for a specified length of time. Then each blood layer 
is successively pressurized to 240 nm. Hg and held for a specified 
length of time. 
The t\r.1o blood layers are then filled with a formalin solution 
to sterilize the surfaces which are to care in contact with blood. 
The liquid level in the formalin storage tank is about 42" above the 
dialyzer so the dialyzer is pressurized by this procedure to about 
80 nm. Hg. This pressure is soon relieved by ultrafiltration. 'llle 
dialyzer must have the fonnalin solution in it for at least two hours 
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but may contain it for up to two weeks. 
When the dialyzer is ready to be used, tap water is run through 
the dialysate sides to rermve the formalin by dialysis through the 
mecrbrane. Finally the blcxxi layers are flushed briefly with sterile 
saline solution and the dialyzer is taken into the ward with the 
saline solution in the blood layers. The flush with saline solution 
again pressurizes the dialyzer to about 100 nm. Hg pressure across 
the ITBii>rane. 
Experllrental Data 
Dr. Joseph H. Miller of the chronic dialysis unit at Wadsworth 
Veterans Hospital supervised the obt.a.i.rnrent of a great deal of 
experiloontal data at that hospital in the past five years. Data 
were taken for a large nunber of patients on several types of dialyzers 
under varying oonditions. ~t of the data were for dialysis on 
Kiil dialyzers. Only about half of this available data for Kiil 
dialyses -was used in this 'o«>rk. 
There were many reasons why the remainder of the Kiil dialysis 
data were not used, but in essence all of these reasons are equiva-
lent to saying that their reliability was doubted for the purposes 
for which their use was intended. sane data were for dialyses in 
which the dialysate was partially recirculated. All data used were 
for dialyses using rx> recirculation of dialysate. Sare patients had 
a transfusion or took in a significant quantity of food and drink 
during dialysis. This strongly affects the patient's blood hema-
txx::ri t, which was assuned ccnstant during cUalysis, so these data 
were not used. Often, sare flow rate or pressure value was not 
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recorded am these points were not used. Occasionally acme cx:mcen-
tration value was not recorded and the data at this point in time 
were oot used for the c:x::np:ment involved, alt:}x)ugh other cx:rtp:>nents 
were not affected. A very few, less than five, data points were not 
used bacause sare value was patently absurd. Data which appeared very 
suspicious but which were I'X)t obviously absurd were not thrown out. 
Table I identifies each of the nine dialyses for which data 
were used. The first three ex>lmns give the infonnation used at 
wadsl«>rth Hospital to identify the data. The patient number is 
used throu:Jhout this w::>rk to identify the dialysis. The negative 
balance is the total am:nmt of ~ight the patient lost during the 
entire twelve-b::rur dialysis. It is not significant except that it 
points out the ~ dialyses during which the patient had appreciable 
ultrafiltration. 
'!be hematoc:ri t of the patient's blocxl is listed in Table I. 
Hematxx::rit is the volune per oent or voluoo fraction of the blood 
occupied by the cells of the blood. All values were taken on blood 
obtained at the start of dialysis. 'll\e blood sanple \.17a5 placed in 
a standard, constant cross-sectional area cylindrical cell for the 
micro-detenni.nation of hematocrit. 'lbe sanples were spun 15 minutes 
in a centrifuge to separate the cells and the cell-plasma interface 
was ~ relative to the height of material in the tube. 'll\e ratio 
of the depth of cells to the depth of material in the tube is the 
blood hematocrit fraction. ~ blood S&lples were sptm down imre-
diately after they were taken and sare were not spun &Jwn for hours. 
When h«> values of hematocrit are presented in Table I, these two 
-12-
values are fran mi.cro-sanples taken fran the sazre large blood sarrple. 
'!he two n'l.lfli)ers should, of course, be the same. The prooedu....-e is 
reputedly able to report hematocrit to within ± 0.5 hematocrit per 
cent, and the data indicate this is the case. Since hematocrit 
was taken only at the start of dialysis, the hema:t.oc1.--it wac; assurred 
to be constant throucjl'x>ut the dialysis for each patient. As was 
mentioned, data for patients for which there was reason to helieve 
this might not be true were not used in this work. 
Table II presents the elapsed times of dialysis and the rreasured 
flow rates at each time point. The elapsed tirne is measured fran the 
start of dialysis and is accurate to within two minutes. Note 
that measureflents have been obtained for elapsed times in the range 
of 30 - 360 minutes. The range of blood flow rate is fran 110 to 
280 ml per minute. Blood flow rate was measured with a Kiron elec-
t:ranagnetic sine wave fl~terI nr>del ~ 7000. Tests carried out 
by Dr. Miller in:licate that the proper use of this flor,.meter gives 
the blood flow rate to within 3% of the actual value. Dialysate 
flow rates do not vary over a very large range. The range is fran 
430 to 760 ml per minute, arrl the great majority of the flc7"' rates 
are within 50 ml/min. of 500 ml/min. Dialysate flow rate was measured 
by collecting the dialysate outflow in a 500 m1 graduate cylinder 
and neasuring the time taken to fill the cylinder. 'Ibis procedure 
is estimated to be accurate to within 3%, assuning the flow rate 
does not change during the time the cylinder is filling. 
Table III presents the measured pressures on the blood and 
dialysate sides of the dialyzer at each point in time. All pressures 
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were ~ in the inlet and outlet tubings connected to the 
dialyzer at distances of 1 - 2 feet fran the dialyzer. '!he pressures 
were measured by inserting into the lines a needle connected to a 
calibrated aneroid pressure gauge. Fbr each dialysis, all pressures 
were recorded relative to a particular reference elevation. 'lbese 
reference elevations were l'¥)t the sane for each dialysis nor were 
they all recorded. Although the absolute magnitudes of pressure 
therefore cannot be used far any purpose, the pressure differences 
across the menilrane can be used because they are independent of the 
reference pressure points. 'nle pressures stx:mld be accurate to within 
5%. 
Table IV irdicates the average blood-side pressure, the average 
dialysate-side pressure, and the average pressure difference across 
the rnerrbrane in the dialyzer. 'Ihese figures follow directly fran 
the figures presented in Table III. Pressure differences across 
the dialyzer meubrane range fran 29 to 154 mn. Hg. 'Ihese pressure 
difference figures are estimated to be accurate to within ± 5% for the 
larger values. 
Tables V and VI present the rreasured cx:>noentrations of each 
c:x:mponent in the inlet and outlet plasma streams. These concentration 
determinations were carried out on plasma sanples by the renal 
laboratory of the Wadsworth Hospital chronic dialysis unit under 
the direction of Miss Cybil Gordon. All values were obtained using 
the Techni.oon Auto Analyzer made by the Technicon Instruments Cor-
poration. All values are estimated by Miss Gordon to be within 
5% of the true value. References for the m3t}x)ds used to determine 
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creatinine (25, 4~FI urea nitrogen (2Q, 44, 4R), uric acid (4R), and 
inorganic phosphate (17, 4R) are available in the literature. '!he 
inorganic phosphate value is the total concentration of both bound 
and unbound inorganic phosphate in the pl.asrN!t. 
'!be concentration of each cx:rcponent in the outlet dialysate 
stream was also neasured, but these a:.lOel'ltrations were so low that 
they could not be accurately treasured. 'nle values, good to ± 20%, 
are presented in Table VII. 
Figure 3 shows the experim:mtally obtained curve for the capac-
itance (blood hold-up vollllre) of a Western Gear Kiil dialyzer. Details 
of the original ~rk by Dr. Joseph H. Miller are available (11). 
The test was static. The blood side of the dialyzer was filled with 
saline solution at a rreasured pressure. '!he dialysate side was at 
at:m::>spheric pressure. '!he curves are not corrected for the solution 
which was ultrafiltrated durif¥J the experim:mt. About 20 ml of 
solution was estimated to be ultrafiltrated during the entire time 
period of the test. Cbrrecting for the ultrafiltration would JtOVe 
the deflati.al curve so that it \tD.ll.d be nuch closer to the inflation 
curve. The correction would a1so steepen sanewhat the slopes of 
the curves at hi<]her pressure differences across the membrane because 
nost of the ultrafiltration would occur at these higher pressure 
differences. '!he pressure differences in the data analyzed in this 
work range fran 29 - 154 mn. Hg. In this range the inflation curve, 
obtained when the dialyzer was being inflated by the addition of 
saline solution, is juiged to reprP!=:ent best the capacit:.M.ce of a 
Kiil dialyzer. 'Itle effects of assuming that a different curve 
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represents the capacity of a Kiil dialyzer are discusserl furthP-r en. 
This curve is assumed to be representative of all of the nine 
dialyzers used when the analyzed data were taken. In fact, the 
capacitance of each of the nine dialyzers would be expected to vary 
because of differences in membrane characteristics and differences 
in asseJ'It)ly techniques for the dialyzers. Also, before a dialyzer 
is connected to a patient it is inflated and deflated three times. 
This capacitance data does not indicate what effect repeated in-
flations have on the subsequent capacitance of the dialyzer. The 
SR>lication of this capacitance curve to represent each of the nine 
dialyzers involved inoorporates a certain arrount of error into the 
analysis. 
HPIRICAL K>DEL FOR HEMX>IALYSIS 
Transfer S}uation 
The instantaneous rate of material transfer fran blood to 
dialysate when there is no aocumulation in the blood side is 
'I'hrougtx>ut the literature, this equation always appears sinplified 
to the following form 
{4] 
(4a] 
Equation { 4a) is strictly true only when the volunetric blood flow 
rates into and out of the dialyzer are the same. It has been realized 
that this equation neglects the results of ultrafiltration (5). 
Ultrafiltration, the rerroval of water fran the blood in the dialyzer, 
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resul ts in the blood flow rate into the dialyzer being greater than 
the blcxx1 flow rate leaving the dialyzer. Since voluretric blood 
flow rate for our data is measured prior to the dialyzer, the use 
of this quantity in equation [4a) results in a calculated mass-
transfer rate less than the rate which \«:JUld be calculated by the 
use of equation [ 4) • 
Equation [ 4 J , b=Jwever, calculates the total mass-transfer rate 
fran the blood at steady state. When ultrafiltration occurs, this 
tx:>tal lt'aSS transfer rate is higher than the lt'aSS transfer rate caused 
by chemical potential gradients because bulk fl"""' of water through 
the neti:>rane results in material being transferred by the n sol vent 
drag" process (5) . FOr this reason, the use of voluretric blood 
flow rates measured prior to the dialyzer in equation [ 4a) makes the 
transfer rate calculated fran equation [4a) a nore accurate repre-
·sentation of the mass-transfer rate caused by chemical potential 
gradients provided the rate of ultrafiltration is less than about 
10% of the blood flow rate. Ba.renberg (5) has shown that under nost 
ciraanstances the neglect of ultrafiltration when calculating mass-
transfer rates is rx>t serious during hem::xUalysis. Rarrlall Cook (12) 
showed, using data fran Wads\olorth Hospital in I..os Angeles, that the 
rate of u1 trafil tration is at nost 3 - 4% of the CCitilon blood flCM 
rates. 'Itli.s nBXinum figure is identical to the exper.im:mtal error 
in measuring blood flC*' rates. 
It is not generally realized that equation [ 4] may be used 
incorrectly because it neglects the effects of bound-free transfer 
kinetics and of cell-plasma transfer kinetics, although an oblique 
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reference to this has appeared in the literature ( 47) • 
In calculating in vivo mass transfer, however, equation [ 4] 
is not used in the literature. Rather the in vivo mass transfer is 
calculated. by the equation 
[5] 
m = a. (c - c ) 
- t> Pi Po 
'nUs equation also neglects the effects of ultrafiltration 
arXl the effects of cell-plasma transfer kinetics. The use of equation 
[5) to calculate in vivo nass transfer is apparently due to the 
indiscriminate and interchangable use of the words "blood" an:i 
"pl.asna" in the literature. This unfortunate turn of events probably 
oould be traced back to the early history of artificial kidneys 
when the new artificial kidneys were naturally described in t.ex:ms 
of the familiar expressions applied to the functioning of the human 
kidney. The lruman kidney ultrafil trates the blood and separates the 
cells and proteins before .renvving the desired products fran the 
ultrafiltrate. Then it reocrnbines the plasma with the blood stream. 
It ~ry ~ accepted practice to refer to the "blood cxm-
oentration" when one was actually referring to the ccnoentration 
in the ultrafiltrate of the plasma, which is approximately equal 
to the cx:mcentratration in the plasma. This practice carried over 
into the description of artificial kidneys which renoved materials 
fran the whole blood, not the ultrafiltrate of plasma. Experimentally 
one rooasures blood fl.cM rates and plasma ocnoentrations, so in view 
of the historical use of the word "blood" when "plasma" was nore 
nearly intended, the appearance and assumed equivalence of equations 
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[ 4} and [ 5) would not be unexpected. 
As mentioned, however, both equations {4} and [5) neglect the 
effect of cell-plasma transfer kinetics on the transfer of materials. 
'!his is a serious error. 'n1e rotal material ~ fran the blcx:xl 
is the sun of the material renoved fran the plasma and the material 
renoved fran the cells. In other words, still neglecting ultra-
filtration and the effects of biooin<; kinetics, 
m z fOb (1- H)} [cp - ~ ] + (06) (H) (cc· - cc ) i Po 1 o 
'ft)e volmE of white cells and platelets is usually about 1% of a 
given vol~ of blood. In individuals with chronic kidney disease, 
the voll.Kie fraction of blood which is red cells is usually in the 
ran:;e fran 18 to 35%. Data on c:arpanent ooncentrations in white 
cells and platelets are not available, so one of t\..o assurrptions 
rrust be made. One can assurre that no material is transferred out of 
the white cells arxi platelets and that the hematocrit is the volure 
fraction of red cells in the blood, ('Ibis makes the use of 1 - H in 
the first tenn of [6} slightly in error.) or one can assl..llre that 
white cells and platelets behave as red cells and the hematocrit 
is the total volune fraction of all blood cells. This "lf.Ork assl..llres 
the latter since the hematocrit data reported is the total volune 
fraction of cells. Inasmuch as white cells and platelets comprise 
such a small fraction of the cellular volUte, roth assmptions will 
give essentially equivalent results. 
The available data fran Wads'!North lbapital do not record 
oancentrations of solut:ee in patients • red cells, so the material 
(6] 
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transferred fl:an the red cells lTllSt be related to the material trans-
ferred fran the plasma. Arbritton (2) rep:>rts the standard values 
of equilibrium oonoentrations of many oa\1X)J'lents in plasma arrl red 
cells. These standard values are average values determined fran many 
measurements ca the blood of heal thy i.ndi viduals. Irv:li viduals 
Ul'ldel:9Qing hEm::xli.alysis are JX>t healthy, and their average oell an::l 
plasrra concentrations are quite different. This work assl:JireS, however, 
that for every patient the data covers, the ratio of the equilibrium 
concentration of a particular carponent in the red cells to the 
equilibrium concentration of that catpanent in the plasma is equal 
to the ratio of the st:ardaxd red cell oanoentration reported by 
Arbritt:cl1 to the star¥:1a.rd plasna concentration. This x-atio is called 
the equilibriun partition <D!fficient, ~· Cbvi.ously this ass~on 
st.:ruld be verified by experimental rteaSUrE!Ir&\ts, and until then it 
sOOul.d be regarded with great caution. The a.ssmpt.i.al is necessary, 
tvJwever, if the available &t:a are to be analyzeC!. Table VIIIa 
presents the pertinent red cell and plasma concentrations and their 
ratios. 
'llle equilibrium blood ooncentratia1 of a CCI'I'{X)!'llelt is then re-
lated to the exper.inentally ueasured plasma concentration by the 
equation 
C.... = c (1- H) + H [K (c )] Ue p p p 
or 
CPe ::: Cp (l + (!)> - 1) H] 
'llle equilibritm blovd concentration is JX>t necessarily of interest 
in calculating material transfers. 'Ihe blood concentration of 
[7] 
(8] 
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interest is the "effect! ve blood canoentration." 'n1e effective blood 
ccnoentration differs fran the equilibrium blood concentration in 
that it CXX\Siders the rate of transfer of the material across the red 
cell nert>rane relative to the residence time distrihuticn of the 
blood in the dialyzer. 'lhe effective blood cxmoentration of a sub-
stance is the am:nmt of that substance per unit vol~ in the blood 
which theoretically could be transferred out of the blood during the 
tiire that the blood passes through the dialyzer. '!he effective blood 
conoent:Jratial of a substance depends upon the concentrations of the 
~t in the plasma ard in the cells, the hematocrit, the rate 
of transfer of the substance out of the oells into the plasma, run 
the residence time distribution function of the blood in the dialyzer. 
Not much work has been done to obtain the residence time distribution 
function in dialyzers. 'lbe \'JOrk that has been done with twin coil 
dialyzers (12) irxlicates that the deviations of the residence time 
distribution function fran the ideal f-unction are appreciable but 
are not of unusual interest. 
'I1'le effective blocxi concentration of a substance takes into 
acx:xxmt the fact that if mass transfer occurs under the condi ticns 
which presently exist in artificial kidneys the substance will 
always be rE!tDVed fran the plasma but may or may not be renoved fran 
the cells. If the rnaxinu.J'n residence tiire of the blood in the dialyzer 
is significantly less than the length of ti.Jre that is necessary urx:ler 
the cirC\D\Stances involved for an appreciable anount of the material 
within the cells of the blood t:D exit through the cellular natbranes, 
then the material in the cells cannot participate in the transfer 
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process in the dialyzer. The substance in the cells is "frozen" 
into the cells so far as the processes occurring in the dialyzer 
are concerned, and the effective blood oonoentration is independent 
of the cellular concentration. On the other hand, if the substance 
involved is transferred out of the red cells so rapidly that scme 
or virtually all of the material in the cells can leave the cells 
in a time nux::h shorter than the mininun residence time of the blood 
in the dialyzer, the effective blood a:>noentration depends on both 
the plasma and cellular ex>ncentration. 
Let us ass\llre again that the cell oonoentrations may be ade-
quat.ely represented by considering them all as only red cells. 
Then, analogous to the develq;.arent of equation [8], the effective 
blood oonoentration is related to the experimentally rreasured plasma 
concentration by 
G. = c [1 + {J - 1) H) 
b p b 
in whidl Jb is the effective partition coefficient for blood for 
the substance in the dialyzer under the oonditions involved. In 
hem:Xlialysis, two conditions which are i.np:>rtant in the determin-
ation of the limits of Jb are the facts that material is renuved fran 
the blood and the residence tiire of the blood in the body is about 
thirty minutes while the residence time of the blood in the dialyzer 
[9) 
is less than two minutes. For the conditions existing in hem::xlialysi.s, 
the effective partition coefficient's lC1.\ler limit is zero. It has 
this value when the substance involved is "frozen" into the cells 
so far as the processes occurring in the dialyzer are oonoerned. The 
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effecti ve partition coefficient • s upper limi. t is the value of the 
equilibriun partition ooefficient. It has this value when virtually 
all of the material in the cells can be transferred out of the cells 
in a time nl.lCh shorter than the minimum residence time of the blood 
in the dialyzer. This xroans, essentially, that the blood at the 
dialyzer outlet is at equili.brilml so far as the concentration dis-
tribution of this cx:tlpOlleflt is concerned. UOOer rrost ex>noei vable 
conditions, it also neans that the transfer of the material acroes 
the red cell I'lleltbrane is not a limiting step in the transfer process 
anywhere in the dialyzer, and equilibri\.R between cells and plasma 
can be maintained throughout the dialyzer. 
The nunerical value of the effective partition coefficient is 
affected by many variables. The pararreters which affect the equi-
libriun partition coefficient also affect the effective partition 
coefficient. 'lhese parameters include the chemical potentials of 
each substance in the cell-plasma system. These are in tw:n de-
perdent upon individual concentrations, the t.errperature, and the 
pressure of the blood. Red cell menbrane characteristics \>Till also 
affect the effective partition coefficient. In addition, because 
the effective partition c;:x,efficient is defined relative to the t.ine 
that the blood is in the dialyzer, the value of the coefficient 
will depend on this time ~ therefore on characteristics of the 
dialyzer and the dialysis system. 
Data are available for the rates of transfer between red cell 
and plaSM for three of the cx::rrpanents analyzed in this work. Since 
the rate of transfer between red cell and plasma is very strongly 
-23-
affected by the carposition of the oell and plasma fluid (45), data 
taken fran nonnal blood and fran saline solutions cannot be directly 
awlied to detennine rates in the blood envi:roi'l"OOllt of patients 
undergoing hemxlialysis. Nonetheless, the data are useful to point 
out the orders of magnitude involved. 
Urea enters and leaves the red oell very rapidly (50}. In 
response to a ooncentration gradient between plasma and oell, the 
cell beoanes 90% saturated in 0.5 secnnd. Therefore the effective 
partition coefficient for urea is asSUIIEd equal to the equilibriun 
partition coefficient. 
Uric acid penetrates the red cell relatively rapidly (11)}. 
Measured half-t.imes of penetration range frcrn 10 - 40 minutes de-
perrling upon the oondi tians. However, since the residence time 
of blood in the Kiil dialyzer is 1 to 2 minutes, uric acid is prob-
ably best treated as not being transferred out of the cells during 
the time the blood is in the dialyzer. Kill di.alyzers can have 
quite uneven blood velcxi. ty distributian patterns, however, and blood 
elerrents which IIDVe slowly through the dialyzer ~uld lose sane of 
the uric acid in the cells. Nonetheless, the effective partition 
coefficient is asstm:!d as zero. Results obtained fran the regression 
analysis tend to CXltlfirm that this is the proper dx>ioe. 
Inorganic pl'¥>spb:>rus, in the form of phosphate, enters and 
leaves the cell quite slowly relative to the tiJre required for 
the blood to pass through the dialyzer n7, 50). The half-time 
of penetration is about 2 1/2 hours. Thus the effective partition 
coefficient for inorganic phosphate is assu:ned to be zero. 
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Data on the transfer rate of creatinine across the human erythrocyte 
uw:::nbrane in a plasma solution are rx>t available. '!he half-time of 
transfer for creatinine into red oells in a salt water medium was 
measured at 10 minutes (22). Other neasurements on various organic 
bases rx>t including creatinine ~ly that the half-time of transfer 
of creatinine in plam~a \llOUld be in the order of one minute or less (43). 
Results fran the regression analyses, which will be discussed further Cl'l, 
indicate that this last estiinate is tnle. 'lberefore, the effective 
partition coefficient of creatinine is taken as equal to the equi-
librium partition coefficient. 
'!be effective partition coefficient and the effective blocxl 
a:moentration are the quantities used to calculate correctly the 
mass-transfer rate between the blocxl and the dialysate in any dialyzer. 
'!he mass-transfer rate, still neglecti.ng ultrafiltration and binding 
k:ineti.cs , is 
. 
[10} 
m m: % [cPi - c~z [1 + (J - 1) H)] 
Equatioo [10] follows fran equations [6) and [9] only if the value 
of Jb at the dialyzer inlet equals the value of Jb at the outlet. This 
is not always true, and for this reason the J factor for use in hem:>-
dialysis is best defined rx>t by {9) but by 
c - c Ci Co (9a] 
J = c Pi - cPo 
The J factor awearing in [10] is defined by equation [9a]. For 
hem:xli.alysis the residence time of the blocxl in the body is greater 
than the residence ti.ne of the blood in the dialyzer and substances 
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are renoved fran blood. U:OOer these oonditions the value of J, 
like Jb, rrust lie between zero and the value of the equilibriun 
partition coefficient. 
~tion {10} is only equal to equation [5) when the effective 
partition coefficient is unity, a very special case. 'lbe difference 
be~ using equation {10] and equation {5] for urea, which has an 
effective partition coefficient of 0.88, is slight. 
The effective partition coefficient of a substance may be 
calculated fran experimental outlet dialysate c:xJl"loentrations. The 
arrount of the substance rennved fran the blood in the dialyzer 
equals the aroount of the substance added to the dialysate; or, 
neglecting ultrafiltration, 
This may be rearranged to give 
Ja 
Effective partition coefficients for our four substance range in 
value fran zero to two, and the hematocrit fraction is the order of 
1/4. The quantity in brackets in equation [12] is, therefore, the 
difference of two nearly equal nuni:lers and exceedingly accurate 
rreasurements nust be made to get an accurate value for the effec-
tive partition coefficient. 
A1 trough the experimental rreasurements available did not 
possess the desired accuracy, effective partition coefficients were 
{11) 
[12} 
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calculated frau the data using equation (12]. An analysis of error 
propagation fran the estimated errors in the neasurerents resulted 
in the average valuea for the effective partition coefficients 
which are presented in Table VIIIb. 
'n1e values of the effective partition coefficient for urea and 
pb::>sphate agree ~11 with the values assuned for this work on the 
basis of the reported rates of transfer across the red cell merrbrane. 
The predicted value of the creatinine coefficient is lower than the 
assuned value which is equal to the value of the equilibrium partition 
ooefficient. Because there is rx> direct data available for the rate 
of transfer of creatinine across the red oell narbrane, it is possible 
that the effective partition coefficient value is less than the 
equilibrium partition coefficient value. Because the effective 
partition coefficient value for creatinine can be between 0.6 to 
1. 4, the equilihriun value of 2. 0 was used for this ~K 'n1e 
reliability of the average predicted effective p<1rtition coefficient 
was not sufficient to warrant its use. 
'nle average predicted effective partition ooefficient value 
for uric acid disagrees with the value assured (zero) for this work. 
No explanation for this disagreement is apparent. Because the 
experimental dialysate concentrations are so low, there is a possi-
bility that an error in the zeroing of the neasuring device would 
result in a systematic error in the neasured outlet dialysate 
CXXlOE!lltrations which could result in the disagreement sOCiwn. 
Certain cxmcepts of hem:xiialysis need to be re-examined in the 
light of the use of effective blcx:xi cx:moentrations to determine 
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mass transfer. Clearance, defined as the hypothetical volare of 
plasma oarpletaly cleared of a substance in a unit time, is repre-
sented by 
c-
Qb[CPi - cPoJ [1 + (J- 1) H] 
~i 
neglecting ultrafiltration and transfers of bound material. 
Dialysance is cntnonly defined as the quantity of a substance trans-
ferred between blocxl and dialysate per unit of t.ilre per unit con-
centration difference of that substance between the inlet blood at¥:1 
the inl.et dialysate ( 46, 52) • It is also OOOIIOUly stated that the 
dialysance is equal to the clearance when the entering dialysate is 
devoid of the substance. Hence the concentration gradient spoken of 
in the definition of dialysance is meant to be the gradient between 
the plasma ani the dialysate entering the dialyzer. Dialysance then 
is 
~ [Cp. - <=p J (1 + (J - 1) H] 
Oa l. 0 
c _ cd 
Pi i 
Accx:>rdingly, dialysance sh:luld be rrore carefully defined as "the 
quantity of a substance transferred between blood arrl dialysate per 
unit of time in response to the cxmoentration gradient of that sub-
stance be~ the pl..a.saa and the dialysate entering the dialyzer." 
[13] 
[14) 
Dialysance mety, of course, be defined in any fashion desired; 
but it is worth noting that the concentration gradient bebreen plasna 
and dialysate may not be the best representation of the driving force 
for the mass transfer. Fquation [10] su:JgeSts that the gradient 
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should be expressed as the difference bebo'een the effective blood 
oonoentration and the dialysate CXll'l.Oelltration. '!he flow pattern 
in the dialyzer has a strong influence on the "best" choice for the 
gradient to represent the driving force. If only plasma were in 
direct CXJntact with the nsnbrane, the obvious gradient to repre-
sent the transfer across the nerbrane would be the plasma-dialysate 
gr~tK If only cells were in cxmtact with the nenbrane, the 
choice for the gradient would be the cell-dialysate gradient. '!his 
latter case could be brought about in at least two ways. First, 
many dialyzers with very poor flCM patterns have an aocunulation 
of red cell "sl\.rl:Je" in tlnse regions of the dialyzera where the 
blood flCM is particularly slow. In addition, after six oours of 
dialysis a noticeable ooating of foreign material, probably largely 
lynptxx:yt:es, farms on the membrane surface (3). Interest.in.gly, this 
ooating results in a very substantial drop in efficiency of the 
di.alyzer (3) • 
Even if there is tX> cell coating an the nemrane, the best 
choice for the blcod-side cx:mcentration to use in calculating the 
gradient is influenced by the flow pattern. Exper.i.Itental evidence 
indicates that at low hematocrits cells t.errl to accurra.llate in the 
center of the blood channel arrl away fran the lTSiilrane walls ( 6, 40, 
41) • If this is true, then for cases in which there is no red cell 
"sludge" or lyrttlhocyte mE!I'I'brane coating the cxmcentration gradient 
is probably best represented by the plasma-dialysate gradient. In 
arr:J case, work should be carried out to elucidate further this sub-
ject. Ultil such work is done, the plasma-dialysate gradient will 
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probably be used to represent the driving force because the plasrra 
concentration of a subsUince is so easily obtained relative tx:> the 
cell oonoentrations and effective blood oonoentrations. 
Another herrodialysis ooncept which needs re-examining is the 
oonoept of maximum dialysance intrcxluoed by SWeeney ( 47) • Using 
the usual dialysance equation, which follows frcm equation {4a], 
0= 
c ) Q (c - c ) 
b d d d 
0 = ----~M~--~i-
~K- cd . 
~ ~ 
{15] 
Sweeney detel:mined the maxirm.wn possible dialysance for any substance. 
For a cnmtercurrent-flcw dialyzer, such as the Kiil, the maximum 
dialysance is the lower of the volumetric flow rates of the blood 
an:i the dialysate. '!he l.ower flow rate is invariably the blood flow 
rate. For a ooncurrent or randan flow pattern, the maxinun dialysance 
accx>rding to SWeeney is 
[16) 
This maxinun dialysance concept is useful because it expresses max-
inun achievable dialysance only as a ftmction of blood and dialysate 
fl.CM rates and independent of other variables, such as concentrations. 
Thus maximum dialysance provides a goal for the design of artificial 
kidneys, and it is used as such in the literature. 
For in vivo measurements, however, dialysance is correctly 
described by equation [l.f}, not by equation [15}. SJu,ation [15) 
is correct for in vitro measurements in which the "blood" is a 
hccrogeneous saline solution. Maxinun dialysance in vivo is not 
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equivalent to rnaxinun dialysance in vitro in ,nich artificial blood 
solutions are used. Fran SWeeney's ~tsI the rnaxirrun in vivo 
dialysance for a countercurrent-flow dialyzer with blood flow sub-
stantially lower than dialysate flow is 
D max = ~ [1 + (J - 1) H] 
and the maxinn:Jn dialysance for concurrent and randc.m-flow dia1yzers 
is 
D max = ~ . % . [1 + (J - 1) H] = [ l + ..!.) -1 
Ob {1 + (J - 1) H] + ~ Ob [1 + (J - 1) H] Qd 
'!'he maxinu:n dialysance in vivo is therefore dependent on certain 
characteristics of the patient-dialyzer system and is not identical 
even for the sane patient for all substances being renoved fran the 
blood. 
Parameters of Dialysis 
The total resistance to mass transfer through the IOOJ'!'brane in 
hem:xlialysis is the result of three resistances acting in series. 
The first is the resistanoe to transfer within the blood boundary 
[17) 
[181 
layer. The second is the resistance to transfer through the roombrane 
itself. '!he third, an:I the least i.ITportant under conditions of 
actual dialysis,is the resistance to transfer through the dialysate 
boundary layer. '!he pararteters which affect each of these three 
resistances will in turn affect the overall resistance, al t}x)ugh 
the effect on the overall resistance will be diminished scmewhat. 
The variables which would be expected to influence the resistances 
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are well knCMn fran the voluminous mac;;s-transfer work en other systems • 
The variables which affect mass transfer in helroclialysis may 
be divided, albeit sarewhat arbitrarily, into b«> groups. One group 
·would cxmsist of those variables which are, as a rule, fixed during 
the course of a particular dialysis; but which may vary substantially 
fran one dialysis to another. One such variable, and probably the 
m:>st .i.rrportant one, is the inherent mari:n"ane resistance to transfer, 
or the "tightness" of the nenbrane used, for a particular dialysis. 
Naturally this resistance is a function of the chemical carposition 
of the nerbrane. ~re inp:>rtantly, it is also a function of the 
metlxx:l of manufacture used for the rnerrt>rane arrl even of the exact 
<::X:lrXlitions existing when that particular piece of zrembrane was man-
ufactured and fonred. The resistance of the membrane may be rrodified 
before and during the oourse of a dialysis by stretching and other 
rreans, but experience has shown that even under substantially different 
netlxx:ls of handling at dialysis centers, each ItB'Tbrane of a particular 
lot behaves quite similarly to Jrelli>ranes of the same lot and usually 
quite different fran nanbranes of the Sam:! type but of a diffe rent 
lot. other variables in this group would include certain character-
istics of blood, such as hematocrit, protein concentrations, etc., 
which are relatively cx:>nBtant for a particular patient during a 
dialysis but which vary fran one patient to another. 
The secorxi group of variables would consist of those variables 
which vary substantially not only fran one dialysis to another rot 
also during the course of a particular dialysis. A great nurher of 
nore readily measured variables appear in this group. Blcxxl and 
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dialysate velocities and volumetric flow rates, available rrenbrane 
areas, blood layer thicknesses, the stretch inposed on the rcernbrane 
by the difference in pressure across the membrane, and tl1e elapsed 
time of dialysis are sane such variables. This work deals primarily 
with the effects of variables in this secx:md group or. mass-transfer 
rates during dialysis. 
Four parameters upon which blood film resis~ to mass transfer 
might be expected to depend can be determined fran the available 
data. Blood velocities, both linear and volumetric, are available. 
The effect of volumetric blood flow rate changes on the mass transfer 
in a Kiil dialyzer has been investigated. This volumetric blood flow 
rate has not, however, been converted to linear blood velocities by 
using dialyzer dilrensions. Dialyzer dilrensions may also be used to 
calculate the blood layer thickness. Should the diffusi vi ty of the 
substance vary with the plasma concentration of the substance, the 
blood film resistance would also depend on this concentration. In 
addition, hematocrit should exert a significant influence on the 
mass transfer of materials which transfer relatively slowly out of 
the red cells. Because the blood ccrrposition is changing with time, 
it is conceivable that the blood film resistance to mass transfer 
through the membrane would vary with the elapsed tine of dialysis. 
Resistance to transfer in the nembrane is known to be affected 
by the stretching of the nanbrane in a two-dimensional or one-
oimensional fac;hion. <:ne-dimensicnal stretch of the nerbrane during 
dialysis can be calculated fran the dialyzer liquid capacitance and 
the dialyzer dimensions. It is also conceivable that the rrerrbrane 
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characteristics might change during dialysis and thus the rrembrane 
resistance may show sam deperrlence on the elapsed ti.ne of dialysis. 
The deposition of a coating during dialysis would be one such possi-
bility. The resistance of each of the Immhranes cannot he :J<na..m 
at the start of dialysis since the necessary information was oot 
available. 
Dialysate flow rate is set at a relatively high value in order 
to make the dialysate film resistance relatively small. Still, it 
is possible that variations in the concli tions of dialysis would vary 
the dialysate film resistance enough to cause a ooticable variation 
in the total resistance. The parameter \-Jhich would rrost likely 
bring about the largest variation would be the dialysate flow rate. 
It is possible to calculate linear dialysate velocities frcm the 
information available. 
E>quations For Linear Velocities and Available Area 
The nenbrane area available for transfer and the linear blood 
and dialysate velocities may be calculated using Figures 1, 2, and 3. 
On each polypropylene board are machined 150 grooves such as the one 
shown in Figure 2. For the rrndel, let us approximate the dialyzer 
board shown in Figure 1 with a hypothetical dialyzer board in which 
the region ccroing in contact with fluids is sirrply a rectangular 
surface with 150 grooves all 35 inches long. 
A dialyzer built with these hypothetical boards will then have 
a total of 600 of the sections stx:::Jwn in Figure 2, 300 in each layer. 
Each section is 35 inches long. In each section, the cross-sectional 
area of blood in crn2 is related to the total volurre of blood in the 
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dialyzer in an3 by the equation 
(600) (L) <~> = vb 
or 
The total cross-secti.onal axea not blocked by the nanbrane support 
of the section shJwn in Figure 2 is found graphically to be 0.01458 
crrf. so the cross sectional area in ar1- per section of dialysate is 
sd = o.ol458 - ~ 
neglecting the area taken up by the thin membrane. CUprophane is 
about 0.035 mn thick when wet (51) and the cross-sectional area of 
the groove space occupied by merrbrane is about 5% of the total open 
cross sectional area. The neglect of menilrane thickness causes the 
calculated linear dialysate velocity to be consistantiy about 6% 
lCM. Since linear dialysate velocity does not enter inp:>rtantiy 
henceforth, the neglect of the rrenbrane thickness is acceptable. 
As the blood volure in the dialyzer increases, the membrane 
[19] 
[20) 
[21] 
is stretched in a one-dimensional fashion to acocm::xlate the increase. 
An increase in dialyzer blood volure pushes the membrane farther 
down the walls of the rrenbrane support in each groove. Assllni.ng 
that each groove is identical to every other and that the merrbrane 
does not sag be~ supports but goes directly and horizontally 
across fran one support to the next, it is possible to calculate 
the total netbrane width per section and the available membrane 
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width per section as a function of the blood cross-sectional area 
per section by graphically integrating over the section shown in 
Figure 2. The results of the graphical integrations are plotted 
in Figures 4 and 5. Figure 4 presents the total rrembrane width per 
section, i.e., the length of rneni>rane necessary to stl.-etch across 
the width of the section and to enclose the specified blood cross-
sectional area. Figure 5 presents the available rranbrane width 
per section as a function of blood cross-sectional area per section. 
The available rrernbrane width per section is si.rrply the length of 
membrane per section which is not resting against the walls of the 
nerrbrane support. Thus dialysate and blood are roth in contact with 
the rrenbrane over this length and mass transfer between fluids may 
occur over this length of rrembrane. 
The average blood layer thickness is calculated by dividing 
the blood cross-sectional area per section by the 0.2032 an or 
0.080 inch width of the section and nultiplying the result by 2, the 
n\l!Tber of boards fonning one layer. There is a close relationship 
between rcenbrane stretch and blood layer thickness. The thicker 
the blood layer, the nore the membrane must stretch one-di.rrensionally 
to enclose the blood. The nature of the relationship is sl-£Mn in 
Figure 6. The relationship is alnost linear. 
All of the results thus far have been obtained frcrn only graph-
ical treatm:mt of the hypothetical dialyzer board dimensions. All 
of these variables may be expressed as functions of the pressure 
difference across the ItlE!ff'brane if the dialyzer capacitance curve 
is known. As previously rrentioned, we assurre the dialyzer capa-
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citanoe curve for all of the dialyzers is :represented by the inflation 
curve marked on Figure 3. Using this relationship for blcxxi volure 
in the dialyzer and pressure difference across the rnerrbrane and equa-
tion [20] the curve in Figure 7 relating blood cross-secti<mal area 
per section to pressure difference across the membrane is obtained. 
The curve is fitted by the follCMing equations 
Sb = 3.65 X 10 -3 + 1.40 X 10 -5 6p 
m 
~ = 3.82 X 10 -3 + 1.06 X 10 -5 6pro 
25 < 6p < 50 
m 
50 < 6Pm < 170 
'l11e linear blood velocity in arv'min in the dialyzer is calculated 
by dividing the volmetric flCM rate of blood in ml/mi.n by 600 ~ 
since there are 600 sections in the two-layer Kiil. 
'!he curve in Figure 4 is represented analytically in the range 
of interest to us by 
wm = o.l923o + 6.ao ~ 
where the total width is in an and the area in cm2. The cw:ve in 
Figure 5 is represented analytically in the range of interest by 
w~ = 0.19098 - 8.04 sb 
where the width is in an and the area in arf.. The total nerbrane 
width (and hence the cme-diJiensional stretch of the nemrane) and 
the available rnerrbrane width are only a function of the pressure 
difference across the nenbrane onoe the dialyzer di.m:msions have 
been specified. 
[22] 
[23) 
[241 
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There are 600 sections in the br.o-layer Kiil, and our hypo-
thetical board places the length of these grooves at 35 inches or 
88. 9 ern. The total available menbrane area in crn2 is then 
A~ = (600.)88.9 w~ = 53,340 w~ 
[25] 
The lXIIli.nal area for transfer is the area of the actual Kiil dialyzer 
boards which is in contact with the fluids. This roninal area, often 
used in the literature as an approximation to the transfer area of 
the merrbrane, is the strn of the area of the rectangular space oc-
cupied by the grooves and the two triangular spaces connecting the 
groove space to the blood ports (see Figure 1). The naninal area 
for transfer for each membrane is 402.75 in2 or 2598.40 crn2 • Figure 
8 sha.o1s the per cent of this naninal rnerrt>rane area that is available 
for transfer according to equation [ 25] • The magni ttrle of the de-
perrlence of the available membrane area upon pressure difference 
across the rnembrane is also shown in Figure 8. 
'Regression Equations and Techniques for Overall Mass-
Transfer COefficient 
'l1le overall mass-transfer c:x:>efficient, s~tKiloos called the 
penneability, for a dialyzer is defined for this work by the following 
equation 
(cp . _ c d ) - (c'P _ c d. ) 
• 1 0 0 1 
rn = PA_ --=--- -=----=----=-~ c c 
Pi- do ln----
c _ cd 
Po i 
[26] 
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Rearrangirv;J the above equation to isolate the overall mass-transfer 
coefficient gives 
[26al 
P• 
A [ (C - C ) - (C__ - C ) ] 
ant Pi flo Po di 
'l1le overall mase-transfer coefficient defined by equation [26] 
is the coefficient historically used to describe the prt:X'eSS of 
mass transfer in hem:xli.alyzers. By considering m:mentun an3 exxl-
oentration boundary layer lengths am thicknesses in he!rodialyzers, 
one can raise legitimate questions as to the desirability of using 
such an overall coefficient. Nonetheless, oo better alternatives 
are available, and the coefficient defined by equation [26] continues 
to be used. 
This coefficient is a function of many parameters. It may 
arbitrarily be represented as a function of certain unknc:r..m vari-
ables x1 , x2 , • • • Xn by the rel ation 
~ 
••••• Xn 
in which K is a ex>nStant arxl a 1 , a 2, ••• , an are the powers to which 
the variables are raised. '!hi s expression allows oon-linear depen-
[27] 
dencies of P on each of the n variables. It does not, t'lcMever, allow 
one to detennine whether ~ variables cause P to change because of 
variations in the blood film resistance, the trembrane resistance, or 
the dialysate film resistance. Intuitive physical reasoning rrust be 
used to determine which of the three resistances the variations of 
each of the n variables affects. SJuation [271 may be linearized by 
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taking log'aritlTns of both sides to obtain 
log P = a 0 + al log x1 + a2 log X2 + •.• + an log Xn 
where a 0 = log K 
Equation [28] presents the logarithm of the overall mass-transfer 
coefficient as a linear function of the logarithms of the individual 
variables. It is therefore possible to use equation [28] to perform 
a linear regression analysis to determine the dependence of P for 
in vivo dialyses upon various paraneters of dialysis. 
The overall mass-transfer coefficient value is detennined frcrn 
equation [26). The mass-transfer rate is calculated using equation 
[10) and the available rrembrane area using equation [25). The log-
mean gradient used in equation [26] is the gradient between plasma 
and dialysate. As noted previously, there is sorro question as to 
whether or ~t this is the proper choice for the gradient when the 
red oells are effectively penreable during dialysis, as is the case 
for creatinine and urea. Mass-transfer coefficients based upon the 
log-mean gradient between effective blood concentration and dialy-
sate concentration were calculated for these CCill?Onents. Although 
the magnitOOes of the P values were affected, the results of the 
regression analyses were ~tK In this work, therefore, all reported 
results are based upon the log-rroan gradient between plasma and 
dialysate. 
For these dialyses, dialysate was ~t recirculated so all four 
CCill?Onents are ~t present in the inlet dialysate and all Cdi = 0. 
The outlet dialysate concentration CClo is calculated fran 
[28) 
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c% == ~ [cpi - c'Po] [1 + (J - 1) H) 
Many rrodels using many variables were fitted to equation [28] 
and regressed. Serre of these will be discussed later. The final 
analyses were carried out to regress the logarithm of P with respect 
to six variables: linear blood velocity, the linear dialysate 
velocity, the pressure difference across the ment>rane, the elapsed 
time of dialysis, the blood hematocrit fraction, and the plasma 
concentration at the dialyzer inlet. Linear dialysate velocity 
failed to correlate for any of the four substances and so is not 
inclooed in the resulting discussions. This failure to correlate 
[29] 
is logical because previot1S work (20, 23) has shown that dialysate 
flCM rates of the magnitWe encountered here are so high that changes 
in the dialysate flow rate do not affect transfer. The pressure 
difference across the netbrane was used as a variable instead of the 
meni:>rane stretch or the blood layer thickness. r-'erorane stretch 
and blood layer thickness cannot both be used as dependent variables 
in the regression analysis because, as Figure 6 shows, they are closely 
related to one another. A regression analysis cannot differentiate 
between a deperx'lency of the dependent variable on meni:>rane stretch 
fran a deperrlency on blood layer thickness. Since both rrerrbrane 
stretch and blood layer thickness are functions only of the pressure 
difference across the membrane, it is nore reasonable to use the 
pressure difference as the variable in the regression analysis than 
either one of the two derived variables. 
The regression analysis program used was the REX;RF.S subroutine 
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kept on file at the caltech cx:rrputing center. A copy of this sub-
routine in Fortran IV language is presented in ~ A. A de-
tailed discussion of the subroutine is available (3q). The technique 
of application of the nultiple regression analysis is discussed in 
many texts (15). The definition and significance of the statistical 
tenns involved in the program similarly ~ in many references 
(7, 15, 3'2). The nultiple regression solution gives the least 
squares "best" value of the coefficients a 0 , a 1 , a 2 , ···an for the 
particular sarrple of observations. The input data was as~ 
tarogeneous, each point therefore having equal weigh-t. 
R:EX;RESSION ANALYSES RESULTS 
OVerall Mass-Transfer Coefficient Reg;ression Results 
The results of the analysis of the overall mass-transfer coef-
ficient for each of the four substances are presented in Tables IX 
cm:l X anj Figures 11 through 1 '5. The mass-transfer coefficient for 
each substance is represented by the expression 
The values for the constant and the exponents are given in Table IX. 
For instance, creatinine's mass-transfer coefficient is given by 
Table IX also presents the st.arrlard deviation of the exponential 
value and the confidence limit of that exponential value aCCX>rding 
to the regression analysis. When the variable did not have a 
[30) 
[31) 
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c:x:mfidenoe limit exoeed.ir¥J 80% the confidence limit y~ not given 
except in a few special cases. 
Table X presents the average value of the mass-tran3fer coef-
ficient for all the experimental points for each substance. It 
also presents the standard error of this average mass-transfer coef-
ficient value for all the experinental points. Because 1'X>t all the 
experimental points \Ere cx:ttttOil to each of the four substances, the 
average value for each substance cannot be ~ to one another 
because different average conditions were present for each substance. 
The standard error of the difference at each exper.iJrental point 
beb.'een the predicted P value according to [30] and the actual P 
value calculated fran the experimental data is also given in Table 
X for each oooponent. The standard error of the mass-transfer dif-
. ferenoes expressed as a percentage of the average P value is the 
value of the following expression 
M 
r r P <i> - P <i> 12 
i:=l eqn 
M 
where there are M experimental points a:vai.lable to detennine P. 
This st.arX!ard error of differences was one of h..u criteria used to 
detenn:ine the desirability of each m:xlel. The first and rrost .im-
portant criterion was the consideration of how accurately the var-
iables of the roodel and their calculated exponents represented the 
actual physical processes oc:x::urring in the dialyzer. '111is largely 
involved intuitive reasoning because of the lack of extensive, mean-
[32) 
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ingful experimental data. 'Ihe see<nd critericn was the a:Jnsideration 
of the magni ttrle of the standard error of the differenoes. The 
minimization of this quantity .implies that the predicted equation 
from the mo:lel best fits the data. 'lhe final results of the re-
gression analysis did minimize this standard error of differences. 
One can canpare the mass-transfer cx:>efficient magnitudes for 
different substanoes by calculating the predicted mass-transfer 
coefficient according to equation [30] at certain specified refer-
ence CC!ldi.tions. !Eference, or standard, values for mass-transfer 
coefficients, dialysanoes, relative dialysances, and relative 
penreabili ties in this work are those values of the quantity which 
exist under the follc:Ming candi tions in the Kiil: 
a. voltllletric bloo:l flCM rate of 200 ml/min 
b. vol\.liOOtric dialysate flCM rate of 500 ml;min 
c. pressure differenoo across tile m::mbrane of 50 mn Hg 
d. elapsed time of dialysis of 30 minutes 
e. blood hematocrit fraction of 0.26 
f. for phosphate, an arterial plasna cc:noontraticn of 7.0 rrq% 
inorganic phosphate 
Ccnditions (a) and (c) oo.Ipled with the dimensions of the Kiil 
dialyzer result in a reference blood velocity of 76.62835 cm~nin 
arrl a referenoo available nenbrane area of 8321.57 an2. Referenoo 
values of the mass-transfer coefficient are presented in Table X. 
The reference values reported may be used to calculate the 
value of the mass-transfer coefficient at any ccn:litions of dialysis. 
IEferenoe values of the mass-transfer cx:>efficients also enable cne 
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to carpare the magnitu:les of the ex>efficients for different substances 
at the reference oondi. tions. Of course, as the reference aondi tions 
change, so will the reference values, and the reference values will 
not all change in the sane fashion. 
Figure 9 and Figure 10 are two typical scatter diagrams for the 
results obtained. Figure 9 is the scatter diagram for the creatinine 
dialysance dependency on the linear blood velocity. 'This was the 
dependency with the highest confidence limits so the scatter diagram 
shows the least scatter of points. Figure 10 is the diagram for the 
pressure difference deperrlence of the dialysance of phosphate. 
'Ibis was the dependency with the l.crwest confidence limits and the 
scatter diagram shows the greatest am:mnt of scatter of the e:xper-
irrental points. The lines drawn thrc>u:3h Figures 9 and 10 represent 
the changes in the dialysance as the variable involved changes 
fran the standard value when all other variables are at their staOOard 
values. The change in the dialysance is calculated by using the 
exponents presented in Table X. The points on the plots are derived 
fran the experimental data. The dialysance is calculated fran the 
experinental data according to equation {14]. Then the dialysance 
value for each point was aorrected to that dialysance value whidl 
would exist if all variables but the one plotted an the abscissa 
-were at the standard values for the variables. For exartl?le, for 
the creatinine points plotted in Figure 9 the aorrected dialysance 
at each point is calculated fran 
0 - 0 aorr 
( 1.5 ) 0.077 
1 + t 
[33] 
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'Ihi.s corrected dialysance is cnnpared to the reference dialysance 
value and the pero:mtage difference fran the reference value is 
plotted on the ordinate. 
Figure 11 shows the dependence of each of the four mass-transfer 
ooefficients en linear blood velocity. The e.xp:nents for creatinine 
and urea are close en<X.lgh that both values fall well within the range 
of the standard deviations of both expcnents, as may be seen fran 
Table IX. '!he uric acid and phosphate dependency curves are each 
substantially r€10C1Ved fran all the other curves and so indicate a 
clearly different dependence upon blood velocity. '!he mass-transfer 
coefficient increases as blood velocity increases, which is expected 
since it has lcng been kno.-m that an increase in voluootric blood 
flew rate through a dialyzer increases the efficiency of transfer. 
By the use of a Wilson plot, values for the m=mbrane resistance 
and the blood film resistance may be calculated fran the results of 
the regression analysis. The total resistance to mass-transfer 
across the membrane, which is the reciprocal of the pemcabili ty, 
is the sum of the individual resistances for tl1e membrane and the 
blood film (30) 
[34] 
The membrane resistance is unaffected by alterations in the blood 
flew rate, so equaticn [34] may be \-rritrt:en 
Rt = %t + Bva [35] 
If the resistance of the blood film is a po...er function of one 
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velocity, then a plot of the total resistance versus the ·K~elocity to 
the pertinent paYer a yields a straight line whose slope is the 
value of the oonstant B and whose intercept is the value of the 
membrane resistance 1\n (30). The total resistance was calculated 
by using the results of the regression analysis and considering all 
variables except the linear blood velocity to be at reference 
values. The results of the ~~ilscn plot are presented in Table 
XVII. Figure 24 presents a typical Wilson plot as was cx:mstructed 
in this work. The reference membrane resistance and reference 
blood film resistance are those values of the resistances ,.mich 
exist at the reference oondi tions. 
'Ihese results may be cx::rrpared to theoretical predicti<ns. 
'!he blood film resistance is prc:portional to the linear velocity 
to the -o.a p<:Mer for turbulent fla-~ (30), to the -0.33 ~r for 
laminar fla-~ between two infinite parallel plates when the manentum 
and mass-transfer l:x::mldary layers are developing, and to the ~ zero 
p<:Mer in laninar fl<M when all l:x:Jundary layers are fully develq>e<l 
(26, 34) • '!he blood film resistances in this vrork. are proportional 
to the velocity to the -0.2 to -o .s pc:Mer. Since the Reynolds 
number of blood in the dialyzer is about 2, this presli'Oably implies 
that the irregularities in the dialyzer d.immsicns prevent the 
l:xx.mdary layers fran ever truly fully developing in the dialyzer. 
'lhus, these results suggest that mass transfer in T<iil dialyrers 
occurs by molecular diffusion across develooin<J bamdary layers. 
Figure 12 sho.-15 the depenoence of the transfer coefficients 
'LtflCl'1 the impcsed pressure differT"..nce across the mmlhrane. Creatinine 
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shCMS no dependence provided the available rrembrane area for transfer 
is calculated ac; a functicn of pressure difference according to 
equaticn [251. If the available> transfer area is assured a <X>nstant, 
then the mass-transfer a:>efficient for creatinine decreases as the 
pressure differt"nce increases. The mass-transfer coefficient of 
phosphate also sha.flS no defini tc dependence on pressure differenre. 
As Table IX indicates, however, t.'1e cnnfidenoe limit is not too low, 
and it is possible that nore experimental data could sho..; a depen-
dence. 
The transnenbrane pressure difference dependency is not, h~rI 
a:nsidered accurately detennined, although the differences in the 
dependency fran Cl'le CXJrtpCOent to another are genuine. To verify 
the applicability of the regression analysis results to individual 
dialyses, the mass-transfer coefficient data for a given component 
and independent variable were crJrrected as discussed earlier for 
the scatter diagrams in Figures 9 and 10. The crJrrected mass-transfer 
coefficients for eadl individual dialysis v~erc plotted as a function 
of the independent variable to as<X"rtain that the best line drawn 
through the data for each dialysis had the same directional slope 
as the line fran the regressioo analysis using all the data. For 
all carponents and all independent variables ex~t the transmerrbrane 
pressure difference, the slope of the regression analysis line 
was of the sate sign as the slqJes of the lines drawn through all 
points for individual dialyses. For the transmembrane pressure 
difference dependency of both urea and uric acid, however, cnly 
three of the nine dialyses had negative slopes like the rcgressicn 
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analysis line. Four dialyses had lines with positive slopes (P 
increasing as 6Pm increases) and two dialyses had lines of 
approcimately zero slope. 
For every dialysis, the slqx:! of the pressure differenCE 
dependency line was the sGWne for both urea and uric acid. '!his 
fact, coupled with regression analyses results using various dialyzer 
capacitanCE curves, suggests that the disagreement between the 
slope of the regression analysis line and the slopes of many of 
the individual dialysis lines for transi'I'etlbrane pressure differ-
ence dependence is due to differences in the dialyzer capacitanCE 
curve fran dialyzer to dialyzer, and hence fran dialysis to dialysis. 
An alteration in the dialyzer capacitanre curve pictured in Figure 
3 does not affect the results of the regression analysis for any 
of the independent variables exrept the pressure cli.fference across 
the membrane. It does slightly alter the magnitude of the mass-
transfer cx:>efficients because of the change in available m:mbrane 
area for mass transfer, and it does alter the pressure difference 
dependence of the mass-transfer cx:>efficients because of the change 
in the dependence of the available rrenbrane area upcn the transrrem-
brane pressure differenre. Although the differences of the trans-
membrane pressure difference dependence fran cne ccmpanent to another 
remain unaffected by the apparent variations in dialyzer capaci tanoe 
fran cne dialysis to another, the accurate determination of the 
pressure differenre dependence of the mass-transfer cx:>efficients 
must be dcne using dialyzers with kna-m capaci tanoe curves. 
'!be dependency of the total penreability upon the pressure 
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difference across the J"'C!llbrane may be examined further using a 
rrodificaticn of the Wilscra tedmique. An alteration in the pressure 
difference across the membrane stretches the membrane. The stretch-
ing of the m:mbrane changes tK~e thickness of the blood layer, which 
in turn alters the resistance of the ~lood layer to transfer. 
In addition, evidence in in vitro systens ha.c; sho.'ll"' that one-
dimensional stretdling of the membrane hinders the transfer of sugar 
roolecules through the rrenbrane ( 13) • It is not clear whether the 
transfer of smaller molecules D~uld be similarly affected. 
Presunably, then, the variation of the total permeability may 
result fran variations in both the blood film resistance and the 
m:rnbrane resistance. If both resistances are affected by dlanges 
in the pressure difference across the membrane, a Wilson plot 
of resistance versus pressure difference carmot be constructed 
with the infonnation available. In order to construct a Wilson 
plot for the variations in total resistance caused by dlanges in 
the pressure difference across the membrane, one must first assune 
that dlanges in pressure difference affect only one of the resist-
ances in series. 
If this assumption is made and a Wilson plot prepared fran the 
data, then the results of the \-Jilson plot may he analyzed to check 
at least partially the validity of the original assumption. If 
an extrapolation of the resultant straight line of the \-Jilson plot 
gives a negative value for the total resistance for any pressure 
difference greater than or equal to zero, then the assunption 
must be false since this si tuaticn is not {ilysically possible. 
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Also, the resistanre at zero pressure difference as detennined by 
extrapolaticn is presunably the value of the resistance unaffected 
by changes in pressure difference. If the value of this resistanre 
does not agree with physical intuition or with the values obtained 
fran other ~Dlilson plots for the same data in which another variable 
was considered, then presunably the original assumption was false. 
01 the other hand, if the results fran the Wilson plot pass the 
bNo tests menticned, there is a reasonable basis, but not a ron-
elusive basis, for believing that the assumption and the results 
based co it are correct. 
For urea, the assunption that only one resistance is affected 
by the changes in pressure difference yielded exrellent results 
fran the Wilson plot. Table XVII shows that membrane resistanre 
is m1affected by variaticns in the pressure difference across the 
Illl3l'brane. For uric acid, the assumption that only cne resistance 
is affected by pressure difference changes did not yield completely 
satisfactory results. 'I11e manbrane resistanre in Table XVII for 
uric acid for the pressure difference Wilson plot results is almost 
twice that calculated fran the velocity Wilson plot. Nonetheless, 
the scatter in the original data could result in this differenre • 
The average thickness of the blocxl film is a functicn of the 
pressure difference to the 0 .14fi ~rI so the t,-Jilson plot results 
for pressure differenre may be expressed in tenns of the average 
blocxl film thickness. When this is done, the blocxi film resist-
anre of urea is pr~rtional to the blood layer thickness to the 
+1.4 po.oJer and ~ of uric acid is p:rqx:lrticnal to the blood layer 
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thickness to the +0. 7 power. For b.lrbulent flew, the predicted 
power is +MKO~ for undevelq:>ed laminar flo.,, the +0.33 poNer; 
and for fully developed laninar flow, the +1.0 power (26, 34) 
'1he Wilson plot results for urea and uric acid suggest fully 
devel~ lc:minar flew, but the lade of dependencies for 
creatinine and phosl=hate cast damt on this. As ~ntioned pre-
viously, the regression analysis results for pressure difference 
dependence are not so gocx:l as desired, so the l'lilson plot results 
are also indefinite. 
Figure 13 illustrates the dependence of earn mass-transfer 
CX)efficient upcn ~K urea has no dependency. Phosphate, uric 
acid, and creatinine all shCM an increase in mass-transfer coef-
ficient with increasing ~ of dialysis within the time span 
of 30 - 360 minutes of dialysis. Extrapolation of any of the 
curves presented in Figures 9 - 23 outside of the range or pre-
sentation is risky, but in the case of the t~ dependency curves 
it is almost guaranteed to be wrong. Experimental evidence has 
been presented (3) to show that after six hours of dialysis a 
<Dating of foreign material begins to fonn on the rtlE!l'lbrane whidl 
severely decreases the efficiency of dialysis. 'Ihus curves in 
Figure 13 1 whidl sh<M an incre ase in efficiency with ~ 1 should 
certainly not be extended beyond the first six hours of dialysis. 
As was the case with the results of the regression analysis 
for the dependency of P upcn the transrnenbrane pressure difference, 
a Wilson plot may be prepared for each o:mponent using the elapsed 
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time as a variable. Again, to obtain results one must first assune, 
and later ched<, that only one of the two resistan~s is affected 
by the change in time. When this assumption is made for creatinine, 
uric acid, and phosphate, each Wilson plot of Rt versus ( 1 + t) '"' 
indicated that the change with tiTre was due to sore variation in 
the rrembrane res is tan~K For each of the three substan~sI the 
rrembrane resistan~ decreased with time inversely to (1 + t). This 
result is sanewhat ananalcus sin~ no prior investigation has shown 
a membrane resistan~ whidl decreases during the oourse of dialysis. 
cne investigation previously rrenticned, noted qualitatively the 
fonnation of a <Dating en the rrembranes of dialyzers after six 
hours of dialysis (3). In addition, Spaeth (45) has sha.m that in 
C~hvgenators with si li<Dne-rubber rnembranes fresh blood indu~s no 
increase in rcenbrane resistanoo but traunatized blood does cause 
nembrane fouling after a short pericx:l of use in an oxygenator and 
hence an increase in rrenbrane resistan~K The apparent decrease 
in menbrane resistan~ noted in this work should be investigated 
further and <Dnfi:r:rred by other work. 
Figure 14 shCMS the dependencies of the uric acid and phosphate 
mass-transfer a:>efficients upcn the level of the patient's blood 
hematocrit. Urea and creatinine, whidl were asst.lY'Il:rl to maintain 
equilibriun beb-Jeen ~lls and plasma in the blood, show no depen-
dence upcn hematocrit. This is to be expected and tends to cx:mfinn 
our choi~ of setting the effective partiticn coefficient of crea-
tinine equal to the equilibriun partition coefficient. uric acid 
and p.osphate, whidl were assured to be frozen into the cells 
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during passage tlu::olgh the dialyzer, show a very strang decrease 
in mass-transfer coefficient with increasing blood henat:ocrit. 
'!he directicn of the effect, increasing P values with decreasing 
hematocrit, is what <ne wa:tld expect, although the magnitude of 
the dlanges in P is quite large for the relatively small changes 
in hematocrit. At least two proresses prd::>ably oontribute to 
the effect of hematocrit on the mass-transfer coefficient. '!he 
presenoo of ~nreable particles in the flowing blood increases 
the effective path length that the substanoo IOOlecule must travel 
to reach the roombrane, thus slowing dCMl. the transfer rate because 
of an increase in the blood film resistanre. Also, the greater 
the fraction of oolls in the blood, the greater the area of the 
nenbrane which will be in <X1!1tact with the oolls at a given tine. 
When the material involved cannot be transferred across the ooll 
membrane, the roorrbrane area in oontact with the oolls is effectively 
shielded fran the plasma and transfer cannot take plaoo across 
this shielded membrane area. 
Wilson plots to explain the dependency of the total penreability 
in tenns of the rranbrane and blood film resistanoos could not be 
prepared. If cne ass~s that the hematocrit affects only one 
of the resistanoos, then cne can cnly construct a straight-line 
Wilson plot by allowing negative resistances. This indicates the 
assurption that the hematocrit variaticns only affect one resistanoo 
is not valid, and indeed cne wa:tld expect this to be the case. 
A quantitative hypothesis describing the effect of hematocrit 
u pen the total penreability results when an analytical model of a 
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dialyzer develqJed by Grimsrud and Babb (4, 24) is o::::rnbined with 
CErtain assunptions regarding the behavior of red oolls in the 
dialyzer. Grimsrud and Babb appraKirnated the bl.ocrl layer in the 
dialyzer as being cx::nfined between two semi-infinite parallel 
plates. Assuni.ng fully-develqJed laminar flow, constant diffusi vi ty, 
and negligible axial diffusicn, the governing equat:..on for mass 
transfer in the system is 
a2c = 
ay2 
3 vayg (l _ y~F ac 
2 ~ h ax 
where the x-ooordinate is in the direction of flCM and the 
y-ooordinate is perpendicular to the membrane surfaces. '!he 
necessary boundary ccnditions for the prd:>len are the following: 
ac = 0 at dialyzer centerline 
ay 
c = ci at dialyzer inlet 
- .D ac - {Pc at manbrane 
ay 
[36] 
[37] 
'!he solution of this set of equations expresses the Sherwood number 
in tenns of eigenvalues whidl are functions of the pare!Sreters of 
the system. '!he Sherwood n\Jllber for the two-layer Kiil is about 
1. 0. For Sherwood nunbers around 1. 0, cne can determine fran Rabb 
and Grimnld 's solution that the total permeahility is related to the 
menbrane penreability arrl the diffusivity hy the followinq equation: 
p = K (?0.76 J)0.24 
Equation [38] is valid for an inhanogeneous media, such as 
blood, when the diffusivity and membrane perrneabilities are the 
[3R] 
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effective values whid1 exist at the particular concentration of 
suspended particles. cne can detennine the dependence upcn hema-
tocrit of the total pe:J:"tOOability of a dialyzer for a substance 
irnpenreable in red cells by estimating the dependence of !l and 
.,() upcn variations in blood hematocrit. 
'!he effective diffusivity in blood for any substance is 
estimated in this work fran a theory devel~ by Fricke (19). 
'!his theory has been cxmfinood experim:mtally by treasuring the rate 
of diffusicn of dissolved gases through blood ( 45) • Related 
experim:mtal data exist in the literature (14), but the use of the 
theory of Fricke is probably better for this work (45). For 
hematocri ts around 0. 25, Fricke's theory states that I:J is pro-
porticnal to the henatocri t to the -0.52 po:>Jer, so that 
[39] 
'1he total penneability is strongly dependent upcn the var-
iaticns of the effective nanbrane penreability. '!he effective 
membrane penneabili ty is reduced by the presence of irnpenooable, 
inert particles in the blood because the oontact of these particles 
with the membrane effectively ma...:;ks off the oontacted ne:nbrane 
and reduces the available urea for transfer. Part of the ccntact 
between these impermeable particles (whidl can be red cells, white 
cells, l~ocytesI proteins, and platelets) and the tnenbranes 
is bebNeen particles whidl have adhered to the rne!TDrane either as 
individual particles or as a sludge. Platelets, l~hocytesI and 
proteins are knCMn to adhere to the T!W31t>rane t:.lu:'otxJhout dial yzcrs , 
and cells are knCMn to settle OJt of blood when the blood is fleMing 
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slONly in "dead spaces" and to form slooges. Part of the c::ontact 
between I"'BTlbrane and particles occurs when particles which are in 
JOC>ticn are mcmentarily in sliding ccntact \.,.i th the m::mbrane. 
'!he membrane area in contact with fleMing red cells may be 
estimated by assuming a particular orientaticn of the cells with 
respect to the rnerrbrane. A red cell has the anprax.imate shape of 
a filled-in doughnut \vith cpposing ccncave surfaces enclosinq the 
"t.q:>" and "botton" of the cell. The rnaxircn.Jn radius of the cell is 
8.5 microns and the maximum thickness is 2 microns. '!he volune 
of an individual cell is 87 cubic microns, or just 77% of the volurre 
of a cylindrical disk of identical radius und thickness. To 
determine the membrane area in ccntact with red cells, assuoo that 
the blood next to the membrane is of the sane henatocri t as the 
bulk blood and that the cells are in contact witl-) the rrenbrane at 
their concave surfaces. Exper.i.Irental evidenCE is available which 
suggests that this orientation of the cells with respect to the 
membrane surfaCE in a fleMing stream is the most probable orien-
tation (36) • 
Under these assunptions, t.'1e fracti01 of the rrembrane area 
masked by the fleMing cells can be determined by considering a 
small rectangular prism of blood 2 microns thick with a square 
cross-section impinging upon the rrenbrane surface. '!he prism ccn-
tains 01e cell arrl the length of the side of the square surfacE of 
the prism is adjustable. The length of the side of the square 
surface is uniquely determined by the hematocrit of the blood in 
the prism, since the henatocrit is equal to the ratio of the volune 
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of the red cell to the volune of the prism. 'Jhe fraction of the 
membrane area covered by the prism which is masked off at a 
particular blood hematocrit is detennined by calculating the 
length of the square side of the prism necessary to prcxluce that 
hematocrit in the prism and then noting \'lhat fraction of the area 
of the square surface of mesrbrane is masked off by the red cell. 
For example, at 25% hematocrit 32.5% of the membrane area is masked 
by the cell in the rectangular prism and this fraction is the frac-
tion of the area masked in the entire dialyzer under the assunpticns 
used in this work. By calculating results for hematocri ts in 
the range oovered by the data used in this work, one can detennine 
that the available membrane area, and hence the effective meni:>rane 
penneability, is prqx:>rtional to the hematocrit to the -0.48 power 
for hematocrits around 25'!. Fran equation [3q), one can see that 
the variations in effective diffusi vi ty and the variations in 
effective llli3T'brane penneability caused by cells in sliding contact: 
with the membrane account for the total penneabili ty being propor-
ticnal cnly to the hematocrit to the -0.5 fugt~rK 
'Ihe remainder of the total penneabili ty' s dependency upon 
hematocrit is presunabl y caused by the presence of particles in a 
stationary state upon the memhrane. If the fraction of the m31lbrane 
area which is masked by inert particles is equal to 2. 3 t~s the 
hematocrit fraction, then the final predicted dependency of the total 
penreability upcn hematocrit is that the permeability is proportional 
to the hematocrit to the -1.53 oo.ver. 'lhis value is in accord with 
the experimental results. 
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Although the model discussed above can offer a quantitative 
explanaticn for the cbserved dependence of the total penneabili ties 
of uric acid and phosphate upcn henatocri t, sane oojections can 
be raised to it. The results are quite sensitive to the effects 
of inert particle ma..c;king of the rrembrane surf a~I and the lack of 
quantitative experinw:mtal results in this regard neressitates the 
use of untried assUllDtions to estimate this effect. Under the 
assumptions used for the above model, slightly less than 60% of 
the Tne!li:>rane surface is apparently covered by sane rather permanent 
crlhesion of particles. This scens a high percentage, and the 
masking of this portion of the rrembrane should result in a higher 
nenbrane resistance than was calculated in this work fran Wilson 
plots. N<netheless, this model based upon the work of Grimsrud 
and Babb may offer sane clues wo~ards tl-te eventual detennination of 
the mechanism by which hanatocrit affects transfer in henodialyzers. 
Figure 13 provides an indication that for the nine dialyses 
exanined the henatocrit of each patient did not change appreciably 
during the course of the dialyses analyzed. For uric acid and 
phosphate, a change in hanatocrit with ti.roo t...auld res ult in a 
dlange in the mass-transfer C<X?fficient with t.ine. 'lhe curves 
in Figure 14 imply that the change in P with t.i.rre for hoth sub-
stances would be nearly the same. hltl-tough the mass-transfer 
cuefficients of both uric acid and phosphate shCM a change with 
t.:i.Ire, the change of each is ll\ilterially different. 'lhe change in 
the uric acid P with t.iire is much less than the change in the 
phosphate P with t.ilre, although Figure 14 shCMS that the depen-
dency of the uric acid P on hematocrit is slightly strcnger than 
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the dependency of the phosphate P. This evidence indicates that 
the hematocrit of the individual patient remained fairly constant 
with tiire during the first six hours of dialysis for the dialyses 
being examined. Of course, any dialysis for which prior inspec-
tion showed this might r¥:>t be true was not analyzed in this "--rk. 
Only ir¥:>rganic phosphate, of the four carp:>nents considered, 
~ any depeOOency of the overall mass-transfer cx:>efficient 
upon the experimentally rreasured total arterial plasma concentration. 
This depemency is shown in Figure 15. This effect is only an 
apparent effect caused by the fact that the rreasured plasma oonoen-
trations are total concentrations, that is, the sum of both bound 
and unbound (free) fonns of the oetrpement in the plasma. A 
significant portion of the phosphate in the plasma is not free 
but is bound to the proteins. Only the free inorganic phosphate 
is available for transfer. 
One may show that the dependency of the overall mass-transfer 
coefficient upon the total arterial plasma concentration is caused 
by the use of total plasma concentrations in equation [26] rather 
than the proper free plasma concentrations for inorganic phosphate 
by assuning the bound inorganic phosphate remains at constant 
concentzation throughout a single bl<XXI pass and calculating values 
for the overall mass-transfer coefficient using free plasma concen-
trations in equation [26]. Although the free plasma concentrations 
of ir¥:>rganic phosphate were not measured, one can determine them 
using the regression analysis results above and the assurrption just 
mentioned. The bound plasma inorganic phosphate is calculated to 
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be 1. 40 ng%, and the overall mass-transfer coefficient calculated 
using free oonoentrations is not affected by changes in oonoen-
trations. At referena:! Oj), ~I L\m, and H values, the P based on 
free concentrations has the value 0. 00925 arVmin. Other regression 
analysis analysis results are not affected. 
To develop the m:xiel for the regression analysis a nunber of 
si.nplifying asSUTptions were made. To ascertain that the effect 
of these assumptions is not serious, certain alterations were 
made in the Irodel to detennine what effects would result fran 
errors in tOO si.nplifying assl..liTptions. One such assunption was 
that the capacitance of every dialyzer is described by the infla-
tion curve of Figure 3. To determine the significance of this 
asstJTption, the capaci tanoe of every dialyzer was as~ to be 
described by the deflation curve of Figure 3. Using this curve 
new expressions were developed for the available nernbrane area 
and the linear blcx:xl velocity in the dialyzer and the regression 
analysis was repeated. The new mass-transfer ooefficient values 
were slightly higher because the available nembrane area was 
decreased. The magnit'OOes of the blcx:xl velocities involved were 
sarewhat decreased, but the dependencies of each mass-transfer 
ooefficient upon the blcx:xl velocities were tmaffected. Time, 
hematocrit, and arterial concentration dependencies were tmaffected. 
The pressure difference dependencies were increased sarewhat, but 
not by a significant factor. This increase was because the use of 
the deflation curve to detennine available menbrane area made that 
area less sensitive to changes in pressure. 
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By using the inflation curve of Figure 3 and the values of the 
pressure difference across the nerbrane at each point in time, one 
is in effect assuming that the membrane stretches reversibly during 
dialysis. Partial irreversibility can be assumed by using for 
the pressure difference at each point in tirre of a dialysis the 
largest pressure difference across the rce11brane remrded during 
the dialysis up to that time. This was done, ani the results 
were not substantially different fran those assuming reversible 
netbrane stretching. Mass-transfer coefficients which had no 
deperxjenoe upon certain variables when the mambrane was assmed 
to behave reversibly showed no depenlence when the l'!el"brane was 
assmed to behave irreversibly. Mass-transfer coefficients which 
had a deperrlence upon certain variables under the assmption of a 
reversible membrane generally had increased values of the exponent 
(hence st.ronger dependencies) when the merrhrane was assuned irrever-
sible. The increases, !'x:lwever, were always less than the standard 
deviation of the original exponent. The asemption of the irrever-
sibili ty of the membrane stretch was not used because the magni t\Xies 
of the stretches involved toJere quite small (less than 5% of the 
width) arXl the experi.Jrental evidence available tended to po.im to 
reversible stretching under these oondi. tions. 
Different values for the effective partition coefficient were 
enployed in the m:xlel to determine the effects of a change in J 
frc.m the value assmed for the final results. For each cx:rrponent, 
the only alteration in the final results was that the magnitudes 
of the average an! reference mass-transfer coefficients were 
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altered. 
The manner in which the blood sanples were han:Ued results 
in sane probable error in the values of the rreasured outlet plasma 
concentrations of uric acid and phosphate. When the blood leaves 
the dialyzer arXl is taken out of the venous line to be sanpled, 
the red oells arXl the plasma are not in equilibrium with respect 
to uric acid and phosphate tnncentrations. 'lhe reC. oells, because 
of their relatively inpeoreable J'!S'It>ranes, have a chemical OCf'I'PC)-
sition which is still that which existed in equilibrium with the 
plasma at sc::ue tiire before the blood flowed through the dialyzer. 
~en the blood flO'Ned through the dialyzer, uric acid and phosphate 
were renoved fran the plasma but oot fran the oells, and a dis-
equilibrium was established. The nanent the blood leaves the 
dialyzer, the blood begins to proceed ~ the equilibriun 
state for cell-plasma concentrations in uric acid and phosphate. 
Material is transferred out of the oells into the plasma, so the 
plasma cx:mcentration of uric acid and poosphate rises. unless 
equilibrium is reached, this process will cxmtinue to occur until 
the red oells are separated fran the plasma. This separation 
()(.."'CUX"S after the sarrples have been spmt cicMl in the oentrifi¥]e 
for fifteen minutes during the hematocrit determination prooeedure. 
M::>st blood sarrples were apparently oot spun down :imoodiately after 
being taken. Sare sarrples were spun dcA.In i.nrrediately; sare were oot 
spun down for several hours. This has an obvious resultant effect 
on the treaSUred plasma concentration of t.OOse substances whose 
effective partition cx:>efficients are less than the equilibriun 
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partition coefficients. 
Whether or not the blood entering the dialyzer has cell-
plasma equilibriun depends primarily upon the rate of transfer 
across the cell trembrane and the blood flow rate through the 
dialyzer. The velure of hlood in the human body passes through the 
Kiil dialyzer in about 30 minutes. The half-~ of transfer of 
uric acid across the red cell J'tlE!!lbrane is apparently about 10 - 20 
minutes. Thus it is fair to CX)nclude that the blood entering the 
Kiil dialyzer is close to equilibrium with respect to the cell-
plasma CX)noentration of uric acid. The half-~ of transfer of 
phosphate across the red cell rrembrane is the order of magni tu1e 
of 2 - 3 oours. Thus the blood entering the Kiil dialyzer is 
probably not quite in equilibrium with respect to cell-plasma 
concentrations of phosphate. 
For uric acid and phosphate, the regression analysis was 
performed using a corrected value for the outlet plasma CX)ncen-
tration of each of the substances. The inlet blood was still 
assmed to be in cell-plasma equilibrium, but the assunption that 
the reported plasma concentration for the outlet blood stream 
was in fact that \tlhich existed at the dialyzer outlet was abandaled 
and the assmption was made that the sarrples 'W'e.re allowed to sit 
around before the separation of the cells until there was cell-
plasma equilibrilln. Under this assunption the reported plasma 
concentration for the outlet blood stream is too high. Assuming 
that the cells in the outlet blood stream were at the concentration 
which exists in equilibrium with the plasma at the dialyzer inlet, 
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one can calculate the <X:lrrected outlet plasma concentration using 
a material balance. 
When the regression analysis was <DTpleted using this new, 
<Xlrrected outlet plasma cxmcentration for uric acid and phosphate, 
the magnitud.es of the average and reference values of the mass-
transfer coefficients were 23% higher for uric acie and 36% higher 
for phosphate. The dependencies of the mass-transfer <X:lefficients 
on all variables except blood hematocrit were unaffected. The 
dependencies of both mass-transfer <X:lefficients upon blood hema-
tocri t ~e sanewhat lessened, but the exponent for the hEmatocrit 
was decreased by only about half of the standard deviation of the 
exponent value for the original nodal for both CCJllX)unds. 
Finally, the material transferred in the dialyzer has been 
calculated by equation ( 10] for this model. This equation neglects 
the effects of ultrafiltration upon the transfer. Randall Code 
(12) determined that the ultrafiltration rate in ml/min is related 
to the pressure difference across the Jrembrane in nm Hg by the 
equation 
ultrafiltration rate: 1.35 ~ + 23.4 
60 
[40] 
'!his equation is only a first appraKi..rnation to the rate of ultra-
filtration, but it is as good as is available. ~water is 
ultrafiltrated through the nenbrane, a certain arrount of solutes 
will be transferred across the rrembrane by "solvent drag" (5). 
Just how much solute will be transferred per unit of water trans-
ferred is unknown. It \llOuld at the least be zero. It \o.Ould at 
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the most be equal to that anount of substance which exists in a 
unit vol'UIIe of the bulk plasma. 
'It> detenni.ne the maximum possible effects of neglecting 
ultrafiltration, the mass transfer across the tne!llt>rane was cor-
rected by subtracting out that material and water which was 
transferred by ultrafiltration. The difference between the rates 
of fluid flow into ani out of the dialyzer was equal to the 
ultrafiltration rate of water. '1Wo corrections weJOO made to 
account for the solute rerroved by the solvent drag. The first 
oorrection was to ass'UIIe no material besides water passed through 
the rrerrbrane. The second oorrection was to assune that the water 
passed through the nerorane as plasma with the average concentra-
tions of each c:arp::>nent equal to those treasured at the dialyzer 
inlet. 'Ihese asstmptions represent the ~ possible extreme 
occurrences. 
The changes in the regression analysis results were not 
in'portant. The magnitudes of the mass-transfer ooefficients 
were changed slightly. The only dependencies which were affected 
were the depen:lencies of the mass-transfer coefficients upon the 
pressure difference across the membrane. '!he magnitu:ies of the 
pressure difference exponents were changed to greater numbers 
when the maxi.nun possible am:>unt of solute material was asst.Jm!!d 
to be transferred by sol vent drag, and to lesser mMibers when no 
solute material was assumed to be transferred by sol vent drag. 
But in all cases, the exponents remained negative when the oonfi-
dence limits were significant. Fran a physical standpoint, the 
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neglect of ultrafiltraticn is believed quite reasonable; and these 
results indicate that tmder no circunstances could the neglect of 
ultrafiltration for these analyzed dialyses significantly alter 
the final results other than to mange slightly the ma.gnitudes of 
the mass-transfer coefficients. 
The original rogressicn analyses were perfonned by representing 
the total penneabili ty as a ftmction of the prcxluct of each inde-
pendent variable raised to a certain p<:Mer. Using the results of 
the \•lilson plots, a modified regression analysis was made to check 
the validity of constructing Wilson plots fran the results of the 
regressicn analysis. The calculated total penneabili ty was corrected, 
as discussed earlier, to the reference values of t, H, and or>i. 
Then the value of the referenre nenbrane resistanre for eacn can-
panent as presented in Table XVII was subtracted fran the reciprocal 
of the corrected total peJ:Treabili ty and this quantity, equivalent 
to a henatocri t-independent blood-film resistance, was entered as 
the dependent variable in a regression analysis. The independent 
1 oc2 
variables were vb"' and 1\Prn , again expressed as a product. In 
eacn case the values fran the regression ana lysis for "'l and 
ac2 were identical to the results fran the \vilson plot, indicating 
that constructing Hilson plots using the results of the original 
analysis gives accurate values for the blood-film and rronbrane 
resistance values. 
Dialysance Regression Analysis ~sults 
For the regression analysis of the dialysanre of each substance, 
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the dialysance at eadl experi.I'l¥".ntal point was calculated by 
~ [Cpi - Cpo) [l- + (J - 1) II) 
D = ~--~~--~--------------- [41] 
Equation [41] calculates the in vivo dialysance for each substance. 
Using the results of the regression analysis for the mass-transfer 
ooefficient of each substance, dialysance could also be calculated 
at any specified Qb, Qd, tgK~I t, H, Cpi, and CCli values by first 
solving the follo,..ring two equaticns siroultanecusly for Th and 
cdo. 
[42) 
(c.....1. - C-:1 ) - (c.....o - cd1·) -- o_ p A P '-'0 -p ""b [Cpi - Cp0 ) [1 + (J - 1) H] 
eqn em 
ln 
c - c p d. 
0 1 
and then calculating the dialysance fro.n the equation 
[43] 
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after having solved for Aero and vb fran equations [22] am [25] 
and for Peqn fran the previous regression analysis results. 
'l1le regression analysis of the dialysances calculated fran [ 41) 
resulted in an expression of the fcmn 
Dialysanoes calculated by [45 ) were catpared with dialysanoes 
calculated fran [44). In every case the agreerrent was satis-
factory. 
'Ihe results of the regression analysis of dialysances are 
presented in Tables XI and XII and Figures 15 through 19 in the 
same fashion that the mass-transfer coefficients results were 
[45) 
presented. Table XI presents the oonstant and exponents necessary 
to calculate the predicted dialysanoes at any <nnditions according 
to equation [ 45 J • Table XII presents the calculated average 
dialysance for each oarponent, its standard error, the starrlard 
error of the dialysance differences (calculated according to 
equation [32] in the same fashion as was the standard error of 
the P differences), and the reference value of the dialysance 
for each substance. 
Figure 16 shows the dependence of each dialysance as cal-
culated by equation [45) an the linear blood velocity through the 
dialyzer. Figure 9 shows the scatter diagram for this dependenoe 
for creatinine. Dialysance has a stronger dependence upon blood 
velocity than the mass-transfer coefficient. This is the only 
variable for which this is true; for pressure difference, elapsed 
t.ine of dialysis, hematocrit, and arterial plasma phosphate 
concentration the dialysance of a given substance is a weaker 
function of the variable concerned than the IMSs-transfer <Xlef-
ficient. When a variable does not stra\gly influence the cal-
culation of ap
0 
and c% accx>rdi.ng to equations [421 and [43]. 
equation [ 44] predicts that dialysance will have a lesser, or 
weaker, depeOOence on this variable than the overall mass-transfer 
coefficient. When calculating the mass-transfer rate in the 
nurerator Of [ 44 J 1 any increase 1 Or decrease 1 in the mass-transfer 
c:x:>efficient because of changes in these variables will result in 
a decrease, or increase, respectively, in the log-1tean ooncentraticn 
gradient which partially c:x:rrpensates for the change in mass-transfer 
<Xlefficient. Thus the dialysance has a weaker dependence on 
variables which don't strongly affect the calculation of <:p
0 
and 
cdo acoor:ding to [42] and [43). The linear blood velcx=ity, 
however, is closely related to the volUI'Ietric blood flow rate; 
and the vol~tric blood flow rate strongly influences the cal-
culation of Cp
0 
and ~ according to equations [ 42 J and [ 4 3] • 'nle 
net result of this influence is that dialysance of a substance 
depeOOs m:>re strongly on linear blood velcx=ity than does the overall 
mass-transfer coefficient of the sane sub!stance. 
The dialysance dependence upon the pressure difference across 
the membrane is shcMn in Figure 16. The scatter diagram for the 
dependence of the phosphate dialysance upon pressure difference 
is shown in Figure 10. Phosphate dialysance shows a dependency 
upon the pressure difference across the rrE!!rlt>rane although according 
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to the results of the mass-transfer coefficient regression analy-
sis, the mass-transfer coefficient of phosphate does not show 
such a dependency. This results not fran any particular physical 
phenarenum, but rather fran the arbitrary analytical procedure of 
correlating only those variables whose confidence limits exceed 
80%. For the phosphate overall mass-transfer coefficient, the 
pressure difference across the nenbrane failed to correlate by 
only a small margin. For phosphate dialysance, the pressure dif-
ference barely net the 80% confidence limit required to correlate. 
The relatively small change in the confidence limit was sufficient 
in this case to cause the variable to correlate for dialysance 
but not for the overall mass-transfer coefficient. 
Figure 18 presents graphically the dependencies of the 
dialysanoes upon the elapsed tine of dialysis. Once again, 
~te has the strongest dependence and creatinine and uric 
acid have weaker deperrlencies. Figure 19 presents the dialysance 
deperrlence upon the blood hematocrit, and Figure 15 presents the 
dependence of the phosphate dialysance on the arterial plasma 
concentration of phosphate. The results are expected in view of 
the results for mass-transfer coefficients . 
Regression Analysis Results for Relative Dialysance and Relative 
Penneability 
Because the values of both the dialysance and the overall 
mass-transfer coefficient have been k:nown historically to vary 
with the volumetric blood flow rate in different fashions for 
different substances, efforts have been made to find sare constant 
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parameter which can describe the dialysanoes of all substances 
at all blood flow rates. 'lWO parmneters have been examined for 
this purpose. The relative dialysance of a substance x, defined 
by 
and first examined by W::>lf (47), was found to vary with the 
blood flow rate differently for each substance and thus not be 
satisfactory. The relative penreability, first proposed and 
exami.nec1 by SWeeney (46) was defi.ned by him as 
P - p r -Ps 
[46] 
[47] 
where the permeability of a substance x is given by equatiat (2). 
SWeeney (46) found for in vitro tests that the relative penneabil-
ity of a substance does not vary fran a constant value. These 
results suggest that the relative penreability may be a useful 
oonoept for hem:xiialysis, even tlDugh the derivation of penreabil-
ities fran a s:in"ple mass-transfer expression gives no indication 
that the relative penreability of a substance slx>uld be any less 
a function of a parameter than dialysance, relative dialysance, 
or the overall mass-transfer coefficient. 
SftJieeney (46) aOO. Wolf (52) based their relative dialysance 
arx1 relative penreability neasurements upon the dialysance of 
chloride as a standard reference substance. They tested only to 
see if the relative dialysance and the relative penreability 
coefficients for certain substances varied with changes in the 
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volmetric blood fl<:M rates through the dialyzers. \'hlf used a 
rotating-drum dialyzer and SWeeney used a 'IWin-<:bil dialyzer and a 
Klung dialyzer. 
Since chloride dialysanoes were not available for this "WOrk, 
the standard reference substance for the calculation of in vivo 
---
relative dialysanoes and relative perneabilities using the data 
available to us fran the Kiil dialyzers was chosen to be urea. 
'n'le dialysance at each experinental point was calculated fran 
equation [41]. Relative dialysanoes for each substance at each 
experinental point were then calculated fran equation [ 46} • 
Penneabilities and relative penreabilities for each experbrental 
point were calculated by equations [2] and [47} respectively. 
'n'le maxirm.m dialysance for a cx:nmterflCM dialyzer such as a Kiil 
is the volumetric blood flow rate. The regression analysis results 
for relative dialysanoes and relative penreabilities are tabulated 
in Tables XIII through XVI and are plotted in Figures 15 and 20 
through 23. 
Tables XIII through XVI present the data in the same fonn as 
was used for the mass-transfer cx::>efficient and dialysance results. 
Similarly, the figures s~ the changes in both of the relative 
cx::>efficients fran the standard values when a particular variable 
is altered. The results as a wtx>le are JX>t surprising. They 
clearly iOOicate that for in vivo dialyses using Kiil dialyzers, 
neither the cx:moept of relative dialysance JX>r the CXXloept of 
relative penreability has llUCh use, if any, in the generalization 
of mass-transfer results. 
-73-
Inplications of Results 
The reliability of the magnitudes of the reported overall 
mass-transfer coefficients, dialysanoes, relative dialysanoes, 
and relative permeabi.lities is not as good as is desired. To 
a large extent this results fran the lack of appreciation of 
cell-plasma mass-transfer kinetics when the data~ taken. 
The reliability of further investigations into hem:xlialysis 
should be materially enhanced by an appreciation of cell-plasma 
mass-transfer kinetics and its effect upon experimental data. 
Any substance wb::>se effective partition coefficient is less 
than the equilibriun partition ooefficient will not be in cell-
plasma equilibriun in the blood outlet stream fran the dialyzer. 
\'bm a sanple of blood is renoved frcrn the dialyzer outlet st.rean, 
the a:>ncentrations of these substances in both the cells and in 
the plasma will oontinuously change until equilibriun is estab-
lished. '!he rate of change of these concentrations can vary 
markedly, since equilibrium may take only a few seconds to 
establish or may take days to establish. In order to obtain an 
accurate neasurement of the plasma arrl, if needed, the cell 
concentrations of the substances in a blood sanple not at equilib-
ri\:an, the cells and plasma rra:&st be separated before the disequi-
libriml state of the blood is significantly altered or the blood 
should be allowed to reach an equilibriun state and the cell and 
plasma cxmoentrations measured at this equilibrium state <X>rrected 
in sane manner back to the oondi. tions existing in the stream 
leaving the dialyzer. One particular problem to be borne in mind 
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is that the usual method of separating cells arrl plasma, centri-
fugal spinnin:J, takes 15 minutes to oatplete. 
If the half-time of transfer out of the red cell into the 
plasma for a particular substance is of the order of magni ttrle 
of several hours or nore, then one can separate t}-,e cells and 
plasma of any blood sanple by the cnwentional centrifugal 
spinning technique before any disequilibrium state existing in 
the sanple is materially altered. The sanples should not be 
allowed to sit MOUnd long before being separated, hc::Mever. For 
these substances, the usual rrettros produce accurate plasma 
CXXlOelltrations in a blc:xxi sarrple not at equilibrium. 
If the half-tirM of transfer out of the red cell into the 
plasma for a particular substance is of the order of magni tme 
of an lnlr or less, then one cannot separate the cells and plasma 
of blood sarrples not in equilibrium by the usual centrifugal 
spinning technique before the state of disequilibrimt is altered 
sanewhat. If the disequilibrium state is only slightly rem:>ved 
fmn the equilibriun state, the alteration may be unintx>rtant. 
The use of a different, nore rapid method to separate the cells 
and plasma would allow accurate detenninations of cell and plasma 
oonoentrations. Clle possible sudl rrethod 'NOU!d be the use of a 
small cell to ultrafiltrate sufficient protein-free plasma out 
of the blood sarrple in a short time. Such a nethod may be feasible 
for substances with half-times of transfer greater than about 
five minutes. 
It is also possible to obtain accurate values for the cell 
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and plasma cx:noentratians at the dialyzer outlet by allowing the 
outlet blood aMple to reach equilibri\.11\. If the equilibrium 
partition coefficient is used to determine cell CXll'lOelltrations 
fran experimentally measured plasma oonoentrations, the equi-
lihrian partition coefficient must be known at the t::esrperature 
of the sanple at equilibrium. This approach is best for sub-
stances with short half-tirres of transfer. Provided that the 
cell CXXlCelltration of the substance conoerned is known at the 
dialyzer inlet and that ale can assume that none of the material 
was transferred out of the cells during the passage of the blood 
t:hl:ough the dialyzer or that a k:Inom anount was transferred, then 
one can use a material balance to deteJ:mi.ne the concentration of 
the substance in the plasma at the dialyzer outlet. If the inlet 
blood stream is at oell-plasma equilibrium, the oonoentration of 
the substance in the cells may be deteJ:mi.ned fran knc7.r.rledge of 
the plasma <Xll"lCel'ltratian and the equilibritm~ partition coefficient. 
Substances with half-tirres greater than 15 to 20 minutes may not 
be at cell-plasma equilibrium at the dialyzer inlet because a 
volmE of blood awroximately equal to the body volure of blood 
passes through the Kiil dialyzer every 30 minutes. 
'!he dependence of the transfer rates of uric acid azXi phos-
phate upon the blood hematocrit is quite strong. Because the 
range of hematocrit fraction examined extended only fran 0.249 
to 0.275, the extension of the curves illustrating the effects 
of hematocrit dependence to hematocrit fractions belCM 0.24 and 
above 0.28 is not justifiable. '11le curves oo SU39E!St, lx:lwever, 
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that allaK-~ing the bl<X>d hematocrit of hem:>dialysis patients to 
be as laK-~ as is feasible could result in a very significant 
increase in the efficiency of removal fran the body of those 
substan~s whose effective partition coefficients are less than 
the equilibriu:n partition coefficients. '!his gra.tp of substan~s 
probably includes JIDSt of the materials, and all of the cations, 
whim can be renoved fran the body by dialysis tedm.iques today. 
Insofar as the treat:m:mt of patients is con~medI not too 
nuch significan~ can be attached to the dependencies of mass-
transfer rates upon the pressure differenCE across the ll'e'llbrane 
and the elapsed tiire of dialysis. Not cnly are the :fundanental 
~sses causing these dependencies not clear, but the values of 
these two par~ters are not quanti ties whidl can he varied 
at will during dialysis over s ignificant ranges. '!he choiCE of 
a particular pressure differenCE across the 11'1E!llbrane is governed 
by the desired rate of ultrafiltration of fluid fran the patient, 
although this work indicates that the minimun feasible p ressure 
differenCE across the nenbrane is hest for mass transfer of urea, 
uric acid, and possibly phosphate. 
cno..USIONS 
'!his work exanined for the first t.i.me the e ffects of hemato-
crit titXX1 the macroscq:>ic mass -transport equations in hemcxlialyzers 
and upcn the data-taking techniques ne~ssary to ohtain accurate 
clinical rreasurem::mts of henodialysis parcrreters. Clinical data 
and the rrodified macroscopic mass-transport equations were used 
to calculate in vivo total penreabilities as has been done before. 
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New results were ootained fran these total penneability values 
by analyzing the data with regression analyses and Wilson plots. 
The regression analysis confirmed previously-known dependencies 
of in vivo penneabilities upcn volunetric blood flON rates. 
New insights were chtained, ho....ever, by considering linear velocities 
in the regression analyses and using the results to fonn Nilson 
plots. Such plots sh~ that about 75% of the resistance to trans-
fer is in the blood layer, as . ,,,as previously inferred fran in vitro 
studies, and that the blood layer resistances had dependencies 
upon the blood velocity approximately equal to what would be 
expected fran theory for undeveloped laminar flCM. CCXlSidering 
the blood layer in the dialyzer as being contained between two 
infinite flat plates results in a theoretical length for the 
oovelCI{Xt¥mt of the conoentratian botmdary layer of about 1 indl (24). 
The results of this work therefore indicate that the concentration 
boundary layer in the blocx:l in Kiil dialyzers is being constantly 
broken and reformed t..lrroughout the dialyzer. Such an ef f e et would 
be caused by irregularities in the dialyzer dimens icns-such as 
CXJUld result fran the manufacturing prc><::Ess 1 fran the warping of 
the dialyzer with age, and fran the clamping of the dialy zer during 
assenbly--and hy alterations in the blood layer thickness caused 
by nneven deposi tian of ine rt particles such as re lls. 
A dependence of sore in vivo penreabili ties upon the pressure 
differenCE across the rranbrane 1 which had not been noticed before, 
was fatmd and the dependency r e lated to the dlanging thickness 
of the blocx:l layer by rreans of Wilson plots. No apparent effect 
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of cne-dimensional membrane stretching was notia:rl. Such an effect 
has been notiood in in vitro systens. 
The permeability of sane substances was f0W1d to increase as 
the time of dialysis increased up to 6 hours, and Wilson plots 
suggested that this effect was due to changes in the membrane 
resistance. 'Ihis effect has not been noticed in prior work. 
Indeed, prior work has indicated an increase in total resistance 
with time after an initial six hour period. Further work needs 
to be doo.e to explain this apparent initial rise in penreability. 
The regression analysis revealed for the first time a strong 
dependence of the total pei:"IOOahility of sore substances upon the 
hematocrit of the patient. Those substances whose rate of transfer 
out of red cells is relatively slow will show a total oermeability 
in the Kiil dialyzer strongly dependent upon the patient's hematocrit. 
A quantitative mJdel to predict this effect was fonnulated using 
theoretical results of Grimsrud and Babb and of Fricke and certain 
assumptions concerning oontact behveen the dialyzer membrane and 
cellular material. 
Relative dialysances and relative permeabilities \vere excmined 
for the first time using extensive in vivo data to detenninc their 
value as pararooters to describe hanodialysis. No apparent advan-
tage to their use was found. 
RE<::.'CMMENDATIONS FOR FUID'HER \-DRK 
Although this work does not definitively answer very many 
questions, it makes up for this shortccming , or perhaps canpounds 
it, by raising a vertible host of new questions. Sore of the more 
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important assumptions necessary to reduce the data to a form 
suitable for the regression analysis are questionable in nature. 
'!he weaknesses of these assumpticns then reduce the reliability 
of the results of the regression analysis, particularly the 
reliability of the magnitudes of the independent variables in 
the regression analyses. 
'!he value for the effective parti ticn <Xlefficient for earn 
substance was assurood frcrn the results of data taken under con-
ditions substantially dissimilar to the cxmditions which exist 
in hemodialysis. A great deal of experimental work needs to be 
dcoe to detennine prcperly effective partition coefficients for 
substances transferred during hem:xlialysis. Are the values a 
strang function of temperature? For any given substance, is the 
value of the effective partition coefficient identical for all 
individuals? Results fran exper:i.rrents of this type wa.1ld have 
broad :ilnplicaticns for all mass-transfer researd1 involving hlocx::l, 
not cnly for mass transfer in a hem:xlialyzer. After the determi-
nation of reliable effective partition coefficients, one can deter-
mine p~ures to determine accurately the plasma and cell 
CXJncentrations of suhstanres in hlood in a state of clisequilih-
riun. 'lhe concept of effective partition c:x::efficients is a gP.neral 
one, in that it will be involved in all hE:m:Xlialysis considerations 
regardless of the type of dialyzer used. Indeed, it will be in-
volved in all mass-transfer processes involving blocx::l. 
Potentially the rrost significant effect en the mass-transfer 
rate of scme materials is exerted by the blood henatocri t. Data 
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<Ner a much wider range of hematocrit should he taken to verify 
the dependencies of the mass-transfer rates of uric acid and 
P,.osphate en hematocrit. Work should be done to detenn:ine what 
other a::rnpo.m.ds shorN this effect of hematocrit upc11 mass-transfer 
rate. Inasmuch as the presen~ of red ~lls hinders the dialysan~ 
of ~tain substan~sI the possibility of ultrafiltrating the 
blcx:xl prior to dialysis should be exani.ned. Ment">ranes are na-~ 
available to ultrafiltrate blood. For dialyzing poisons, when it 
is partia.tlarly desirable to remove the substan~ quickly, the 
ultrafiltration of blood prior to dialysis may result in increasing 
the dialysis rate several fold if the poison is iKrrpe~able red 
~llsK Also, the fundalrental pre>e:Esses resulting in the effect 
should be clarified. 
Neither relative dialysan~ nor relative penneability appear 
to offer hope of being a single, relatively constant paraneter 
which can be used to detennine mass-transfer rates of all con-
pounds under widely varying condi ticns. 'llle search for such a 
parc3tleter, assun.ing it exists, must continue alcng new lines. 
Finally, cne I_X)t.entially important aspect of mass transfe r in 
he:oodialyzers has of ne~sity been largely neglected in this work. 
'Ihi.s is the possible effect of the binding of cx::rrcpcnents in the 
blood to plasma proteins and to the ~lls en the mass-transfer rate 
fran the blood. 'llle errors whidl may result if total, rather than 
free, con~trations are used to calculate the mass-transfer 
c:oefficient according to equation [26] were menticned in regard to 
J;tlosphate. Phosphate, t.mlike creatinine, urea, and uric acid, has 
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an appreciable fraction of its plasma oonamtration bamd to the 
pmteins. Sinoa cnly free plasma molecules or icns can be trans-
ferred across the m:mbrane, if total oonoantration is used in 
equation [26) to calculate the lcq-mean gradient, the P value 
will depend on the particular value of the total ccnoantration, 
even though the mass-transfer rate will not. 'lhi.s apparent 
dependency of P en the arterial inorganic phosphate oonoantration 
is undesirable. 
'!his work has not, h"-'1eVer, considered the effects of the 
binding kinetics upcn the mass transfer of a substanoa fran the 
blood. Althou:Jh no botmd substanoa may be transferred across the 
nenbrane, the transfer of the free fonn of the substanoo out of 
the plasma will upset the equilibriun between the bound and un-
bound fonns of the substanoo. In reacticn to this disequilibriun, 
sore of the bound fo:on of the substanoo will becx:rne free, and then 
may be transferred out of the blood. ~~ther or not any of the 
substanoo initially botmd as the blood enters the dialyzer will 
be :z:aTlDV'ed before the blood leaves the dialyzer will depend 
entirely en the rate of the "unbinding" reactions (16). 
Cbviously, the situation is entirely analogal.S to the situation 
when material may or may not be removed fran the ooll water. This 
situation has already been a::nsidered in detail. If equation [10) 
is rewritten to include the effects of binding to both oolls and 
pmteins, there results, still neglecting ultrafiltration. 
~ = (.b (1 - H) <{i cf>o> + <:b H (c{i - ~F {48) 
+ ~ H E~K - ~ ) + <4:, (1 - H) E~K - ~-F 
1 0 1 ~ 
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'!his equatien may be rewritten in terms of J factors in the 
folladng form 
m = ~ ccf,i - {,
0
) ( (1 + ~F + Eg~ + ~ - 1 - ~F H] 
b b b f f f b b b Cpi - Cpo and J cc· - c Cc· - c where J 
- -
1 Co and J 
-
1 Co p f cf c cf f 
c 
cf f c - - c - c 
pi Po pi Po pi Po 
'!he last two terms en the right side of equatien [ 48] have been 
assuned equal to zero in this work for two reasens: first, there 
were no data available en the patients' protein cnnoentrations: 
and secx:nd, there were no data in the literature cnnreming the 
rates of the "unbinding" reactions for the substances involved. 
For roost dialyzable substanres, sate poisons probably exrepted, 
the magnitudes of the last two terms are prcbably easily neg-
lectable. ~search should be done on this question, of course. 
Again, any disequilibriun between bolmd and free forms of a 
subst.anre will hinder the attainment of accurate experizrental 
neasuranents of plasma cnnoentrations of the free form. 
[48a] 
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NCMENCI.ATURE 
c clearance, or crnount of substance removed per minute divided 
by the blood or plasma cxncentraticn (ml. ,lhdn.) 
c concentration (m;J.%) 
D diffusivity (an.2;W.n.) 
D dialysance, or cm::u1t of substance removed per minute divided 
by the max:i.rm.Jn blood or plasma-bath concentration gradient (ml.;min.) 
h distance fran center of blood layer to rranbrane surface 
K a constant 
L fla-~ path length (an.) 
. 
m mass-transfer rate (m;J. /100 min.) 
P overall mass-transfer coefficient, or penreability (an.;mi.n.) 
(9 l"'e!Ti>rane penneabili ty (an. ;min • ) 
p pressure (rnn. Hg) 
Q volunetric fla-~ rate (ml.;tnin.) 
R resistance to mass-transfer (min ./an.) 
S cross-sectional area of fla-~ path in cne section perpendicular 
to direction of fla-~ (an. 2) 
t elapsed time of dialysis (hours) 
v velocity (an.,lhdn.) 
V volure (an.3) 
w width of fla-~ path in cne section (an.) 
6 difference or mange in 
Subscripts 
a available for mass transfer 
-84-
b blood 
c oell 
d dialysate 
e equilibrium 
i inlet 
m rrembrane 
0 outlet 
p partiticn 
p plasma 
r relative 
s standard 
t total 
eNg average 
oorr corrected 
eqn predicted by the equation 
Superscripts 
b bound 
f free 
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TABLE I. DIALYSIS DATA IDENTIFICATION 
Name - r~a~-;~~~ 
of Series 
Patient Number 
--- --- -
-l- 1 D---- -~ - -;J: Total Dialysis Patient Hematocrit Negative 
Date Number Percent Balance(kg) 
--- -~- -- - --- - - --
Saito 9 1/18/66 6.1 26.8 1.3 
Saito 9 2/1/66 6.2 26.5 2.8 
Shaeffer 8a 1/14/66 7.0 25.0 2.6 
Vollmer 11 4/26/66 8.1 25.5 -0.6 
Folley 11 5/3/66 9.1 25.0/25.8 1.0 
Vollmer 11 5/10/66 8.2 27.2/27.8 -0.2 
Folley 11 5/17/66 9.2 24.8/25.0 0.7 
Cooper 13a 10/20/66 10.1 27.5 0.1 
Cooper 13a 11/1/66 10.2 25.0/25.0 0.8 
---
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TABLE II. BLOOD AND DIALYSATE FLOW RATES T---- I --Blood 1--;;-;-~ysate Flow Elapsed 
Patient Time Flow Rate Rate 
Number (min.) Em~/minKF Em~/minKF ,____ __ 
- -- -· -
30 240 620 
60 250 480 
6.1 120 200 440 
300 230 480 
360 220 500 
- -
30 250 580 
60 270 600 
120 280 520 
6.2 180 185 520 
240 270 500 
300 270 520 
360 260 520 
--- -----
60 227 760 
7.0 300 238 560 
360 236 560 
----- ------ -
30 140 580 
60 140 580 
120 130 555 
8.1 180 110 515 
240 120 510 
300 125 465 
360 110 490 
- ------ -----
75 210 515 
9.1 105 200 510 
135 180 530 
60 140 650 
8.2 120 145 495 
300 140 510 
----
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- -----r -- Elapsed l -- I -- - -· -·-Blood Dialysate Patient Time Flow Rate Flow Rate 
Number (min.) 
__ ~mi/m=~·F (mR./min.) 
- ----
60 200 495 
90 220 550 
9.2 120 200 470 
150 230 460 
180 200 525 
60 245 510 
120 225 430 
180 230 500 
10.1 240 240 495 
300 215 500 
360 230 470 
30 150 500 
60 170 515 
10.2 120 170 515 
240 175 500 
300 165 525 
360 160 450 
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TABLE III. EXPERIMENTAL DIALYZER PRESSURE MEASUREMENTS 
~-;z:~- Blood Inlet J Blood Outl-;;t -aial-;;~ate r Dialysate Elapsed 
Patient Time Pressure Pressure Inlet Pres- Outlet Pres-
~her (min.) (mm Hg) (mm Hg) sure(mm Hg) sure(mm Hg) 
-- ------ - -- ·- -·-- - -. 
30 114 40 18 14 
60 110 40 18.5 14 
6.1 120 108 44 17.8 14 
300 88 40 -35.5 -41 
360 96 42 -30 -34 
30 120 so 15.5 8 
60 110 52 -54.5 -64 
120 112 54 -57.5 -66.5 
6.2 180 109 36 -55 -63 
240 118 48 -so iJ 300 106 48 -52.5 0 360 110 46 -52 1 --- -·-·---
60 98 46 
7.0 300 80 40 -79 -84 
360 96 52 -78 -82 
------- --- ----- -- -- -
30 77 33 17 11.5 
60 76 34 17 11 
8.1 120 70 33 16 11 
180 66 38 15 9 
240 64 30 16 9 
300 64 30 - 4-1/2 -9 
360 60 36 - 3 -10-1/2 
-------- --·-· -· -----
75 96 36 20 14 
9.1 105 95 38 25 19 
135 80 40 25 19 
60 68 34 16 10 
8.2 120 75 34 13 9 
300 72 28 -14 -20 
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-f~-- . l- - T-- -Elapsed Blood Inlet Blood Outlet Dialysate Dialysate Patient Time Pressure Pressure Inlet Pres- Outlet Pres-
Number (min.) (mm Hg) (mm Hg) sure(mm Hg) sure(mm Hg) 
-- -- --·--· ---- - ---- -· ---------
60 93 34 8.5 3 
90 90 38 -32 -40 
9.2 120 90 37 -35 -43 
150 110 45 8 2 
180 87 35 9 2 
60 82 32 23 17 
120 80 26 23 17-1/2 
180 66 31 21 15 
10.1 240 81 28 24 18 
300 79 28 23 18 
360 80 28 24 19 
------ ~-~---
30 88 38 8 4 
60 80 32 16 10 
10.2 120 80 34 18 10 
240 83 36 18 12 
300 86 37 20 16 
360 81 32 31 25 
----- -·--·-· -----
TABLE IV. 
-
Elapsed Averag 
Patient Time Blood S 
Number (min.) Pressu (mm Hg 
30 77 
60 75 
6.1 120 76 
300 64 
360 69 
30 85 
60 81 
120 83 
180 72. 
6.2 240 83 
300 77 
360 78 
60 72 
7.0 300 60 
360 74 
30 55 
60 55 
120 52 
8.1 180 52 
240 47 
300 47 
360 48 
75 66 
9.1 105 66 
135 60 
----·- ---
60 52 
8.2 120 55 
300 50 
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DIALYZER PRESSURES 
e 
ide 
re 
) 
5 
l -- --· --Average Dialysate Side Pressure J (mm Hg) ~ -- - - --
16 
16.3 
16 
-38 
-32 
12 
-59 
-62 
-59 
-54 
-56 
-56 
-81 
-80 
14 
14 
14 
12 
12 
- 7 
-7 
Pressure 
Difference 
(nun Hg) 
61 
59 
60 
102 
101 
73 
140 
145 
132 
137 
143 
134 
57 
141 
154 
41 
41 
38 
40 
35 
54 
55 
-------
---
17 49 
22 44 
22 38 
13 39 
11 44 
-17 67 
- ---
9.2 
10.1 
10.2 
Elapsed 
Time 
(min.) 
60 
90 
120 
150 
180 
T 
-120-
Average 
Blood Side 
Pressure 
_ (_mm Hg) 
64 
64 
64 
77 
61 
Average 
Dialysate 
Side Pressure 
(mm_ l!&) __ 
6 
-36 
-39 
5 
5 
----~-- - ------~-------
60 
120 
180 
240 
300 
360 
30 
60 
120 
240 
300 
360 
57 
53 
49 
55 
53 
54 
63 
56 
57 
60 
62 
57 
20 
20 
18 
21 
20 
22 
6 
13 
14 
16 
18 
28 
Pressure 
Difference 
(mm Hg) 
58 
100 
103 
72 
56 
37 
33 
31 
34 
43 
43 
44 
44 
29 
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TABLE V. INLET PLASMA CONCENTRATION 
Inlet Plasma 
Elapsed Concentration 
Patient Time of Creatinine 
Number (min) (mg %) 
--
Inlet Plasma Inlet mlas~tnlet Plasma 
Concentration Concentration Concentration 
of Plasma Urea of Uric Acid of Inorganic 
Nitrogen(mg %) (mg %) Phosphate(mg % 
·---· - - . 
30 10.00 41.80 6.00 5. 55 
60 9.38 39.00 5.70 4.96 
6.1 120 - 35.60 5.40 4.70 
300 7.31 27.00 4.45 4.25 
360 - 24.50 
r--- ·- -- - -
30 10.96 50.50 8.75 5.40 
60 10.40 47.50 8.15 5.00 
6.2 120 9.64 43.50 7.45 4.70 
180 9.06 39.00 7.00 4.45 
240 8.41 36.00 6.65 4.45 
300 - 6.10 4.30 
360 - 31.00 5.70 4. 5 1 
--- -- ----- -
60 12.26 80.40 8.60 7.75 
7 . 0 300 9.50 54.00 6.30 6.10 
360 8.87 51.00 5.55 6.00 
-
----
30 15.80 109.00 8.40 10.10 
60 14.70 104.00 7.70 8.90 
120 13.30 94.00 6.85 7. 1 0 
8.1 180 12.70 87.00 6.35 6.90 
240 11.90 79.00 5.80 6.43 
300 11.40 70.00 5.40 6.05 
360 10.90 64.00 5 .00 5 . 62 
--
---
- - ---- ---
75 9.65 35.20 5 .50 4.00 
9.1 105 9.40 5.20 
135 8.70 31.80 4.70 3 . 95 
- -
----
Patient 
Number 
8.2 
9.2 
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Inlet Plasma Inlet Plasma 
Elapsed Concentration Concentration 
Time of Creatinine cf. Plasma Urea 
---- 9 --· 
(min) (mg %) Nitrogen(mg ~ 
60 
120 
300 
60 
90 
120 
150 
180 
- - -
17.50 
14.40 
12.30 
10.50 
10.20 
9.60 
9.15 
9.00 
93.50 
82.00 
62.10 
55.00 
53 .00 
52.00 
45.00 
46.50 
---
10.1 
60 
120 
180 
240 
300 
360 
30 
60 
120 
240 
300 
360 
7.25 
6.70 
6.25 
5.90 
5.55 
5.05 
8.40 
8.25 
7.05 
6.00 
5.50 
4.90 
54.00 
49.10 
44.20 
39.20 
36.00 
32.50 
83.50 
84.00 
72.30 
57.00 
50.60 
44.40 
-
Inlet Plasma Inlet Plasma 
Concentration Concentration 
of Uric Acid of Inorganic 
(mg %) Phosphate(mg %) 
7.62 
6.91 
5.39 
6.55 
6.22 
5. 72 
5.25 
5.08 
6.90 
6.30 
5.85 
5.55 
5.20 
4.80 
8.50 
8.30 
7.45 
6 .00 
5.50 
4.95 
7.80 
6.15 
4.60 
4.45 
4.35 
4.40 
4.35 
7.15 
6.65 
6.50 
6.10 
5.90 
5.70 
8.30 
8.05 
6.80 
5.9LJ 5.55 
5.00 
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TARLE VI. OUTLET PLASMA CONCENTRATIONS 
r--·- -r---
Outlet Plasma Outlet Plasma 
Elapsed Concentration Concentration 
Patient Time of Creatinine of Plasma Urea 
Number (min) (mg %) Nitrogen(mg%) 
6.1 
6.2 
30 
60 
120 
300 
360 
30 
60 
120 
180 
240 
300 
360 
6.83 
6.72 
5.03 
8.02 
7.83 
7.21 
6.23 
6.28 
24.50 
24.50 
21.70 
15.80 
13.10 
34.00 
34.00 
32.00 
26.00 
25.70 
21.50 
Outlet 'Plasma 
Concentration 
of Uric Acid 
(mg %) 
4.65 
4.45 
4.10 
3.30 
6.70 
6.55 
6.00 
5.35 
5.35 
5.05 
4.60 
- -Outlet Plasma 
Concentration 
of Inorganic 
Phosphate 
(mg %) 
4.25 
4.00 
3.65 
3.15 
4.30 
4.10 
3.95 
3.45 
3.50 
3.55 
3.30 
-- ·----------~ - -----
------------------ ----
7.0 
60 
300 
360 
t--·------
8.1 
9.1 
30 
60 
120 
180 
240 
300 
360 
75 
105 
135 
8.33 
6 . 49 
5.58 
9.10 
8.55 
6.85 
6.45 
6.20 
5.90 
4.65 
46.20 
33.80 
30.70 
47.50 
46.50 
37.50 
33.00 
33.50 
29.50 
21.00 
--- ------ - ------
6.40 
6.15 
5.80 
19.00 
16.70 
6.20 
4.70 
4.00 
5.45 
5.05 
4.00 
3.65 
3.45 
3.20 
2.45 
3.80 
3.60 
3.30 
5.45 
4.40 
4. 25 
6.20 
5.40 
4.30 
4.00 
4.05 
3.75 
2.90 
2.65 
2.55 
--
I 
-1 
-124-
---~ 
- - --·· --- ----- ---...------Outlet Plasma 
Outlet Plasma Outlet Plasma Outlet Plasma Concentration 
Elapsed Concentration Concentration Concentration of Inorganic 
Patient Time of Creatinine of Plasma Urea of Uric Acid Phosphate 
Number (min) (mg 7.) Nitrogen(mg 7.) (mg %) (mg %) 
60 9.60 37.50 4.85 5.05 
8.2 120 8.05 37.70 4.26 -
300 6.90 27.90 3.42 4.00 
'-----
--· ---·-·--- ------ -· --- -----
60 7.00 32.50 4.79 3.45 
90 6.70 32.00 4.45 3.40 
120 6.25 29.50 4.05 3.25 
9.2 150 6.20 29.30 3.92 3.45 
180 5.60 24.50 3.50 3.15 
r--- ---· 
-
------------
60 4.90 30.00 5.15 5.15 
120 4.45 26.80 4.60 4.75 
180 4.20 23.80 4.35 4.50 
10.1 240 3.85 22.00 4.20 4.45 
300 3.55 19.20 3.75 4.10 
360 3.35 18.40 3.50 3.95 
r--- - -- ---------- ------ --- - ---··· - --
30 4.90 40.20 5.63 5 .25 
60 4.75 39.00 5.35 5.00 
120 4.35 34.40 4.90 4.55 
10.2 240 3.65 28.40 3.90 3.95 
300 3.50 27.50 3.60 3.85 
360 2.95 23.80 3.20 3.55 
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TABLE VII. OUTLET DIALYSATE CONCENTRATIONS 
r--- ·-· -- -- ·-- - - --- - - --- ·- . -· -· ·--
Inorganic 
Patient Elapsed Creatinine Urea Uric Acid Phosphate 
Number Time (mg %) (mg %) {mg %) (mg %) 
30 1. 23 6.2 0.55 -
60 1.38 7.7 0.65 -
120 - 5.8 0.60 -
6.1 300 1.00 4.5 0.50 -
360 - - - -
30 - 9.0 0.85 -
60 - 8.5 0.75 -
120 - 8.0 0.80 -
180 - 7.0 0.75 -
6.2 240 6.5 o. 70 --
300 - - 0.65 -
360 
-
5.5 0.60 -
- ·-· -
60 1.23 8.2 0.50 -
7.0 300 1.35 7.6 0.60 -
360 1.19 7.1 0.50 -
--
30 1.80 15.5 0.80 0.65 
60 1.95 16.0 0.85 0.65 
120 1.60 13 .0 0.65 0.40 
8.1 180 1.50 ll.5 0.60 0. 3 5 
240 1.50 10.5 0.55 0.32 
300 1.50 10.5 0.50 0.32 
360 1.40 10.0 0 . 50 0.32 
- - ----·----
75 1.55 6.5 0 . 55 0.20 
9.1 105 0.60 - 0 . 55 -
135 1.30 5.5 0.45 O.ll 
- -
60 1. 70 12.7 0.40 0.55 
8.2 120 1.95 14.8 0.50 -
300 1.40 9.8 0.20 0.50 
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- ----- ------ -----
Inorganic 
Patient Elapsed Creatinine Urea Uric Acid Phosphate 
Number Time (mg %) (mg %) (mg %) (mg %) 
60 1.55 10.0 0.65 0.35 
90 1.40 9.0 0.62 0.30 
9.2 120 1.45 8.5 0.65 0.35 
150 1.40 8.2 0.60 0.35 
180 1.30 7 .o 0.52 0.30 
r------
-
- -. --- ----
60 1.15 9.2 o. 70 0.65 
/ 
120 1.15 9.3 0.75 o. 70 
180 1.00 7.0 0.60 0.55 
10.1 240 0.95 6.0 0.60 0.50 
300 0.90 5.5 0.50 0.45 
360 0.85 5.1 0.50 0.55 
--
30 1.10 16.1 1.00 o. 75 
60 1.05 16.0 0.95 0.80 
120 0.95 13.5 0.85 0.65 
10.2 240 0.80 11.0 0.70 0.65 
300 0.75 11.0 0.70 0.70 
360 o. 70 9.2 0.60 0.60 
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TABLE VIlla 
--·- - ·----·-- -- - -----------·----· 
Standard Red Standard Plasma 
Blood Cell Concentration Equilibrium 
Component Concentration (mg %) Partition (mg %) Coefficient 
Creatinine 1.8 0.91 2.0 
Urea 30 34 0.88 
Uric Acid 1.9 3.8 0.50 
Inorganic 2.4 3.2 0.75 Phosphate 
From Arbitton, E.C. (Editor),"Standard Values in Blood" W. B. Saunders , 
Company, Philadelphia, 1952. 
Component 
Creatinine 
Urea 
Uric Acid 
Inorganic 
l.'hosphate 
TABLE Vlllb 
Average Predicted 
Effective Partition 
Coefficient 
1.0 + 0.4 
1.0 ± 0.3 
0.7 ± 0.5 
-0 . 1 ± 0.5 
Assumed 
Effective Partition 
Coefficie nt 
2.0 
0.88 
o.o 
0.0 
·---- ---·---- -- ------- -------------J 
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TABLE IX. REGRESSION ANALYSIS RESULTS FOR OVERALL 
TRANSFER COEFFICIENTS 
Standard Confidence 
Deviation Limits 
Substance Constant 
- ----- ------- --'---
----- -- -- __ .,__ -- .. -;t]-- ---sariab~eiponen_:_l d Ex_l'onent ___ E~-
Creatinine 4. 601 x 10-3 
Urea ~KMOTO x10-2 
1------
Uric 
Acid 3.779xlO -4 
ll.p (mm Hg) 
m 
(1+ t) (hours) 
H 
c (mg %) 
pi 
vb 
llp 
m 
1 + t 
H 
c 
pi 
vb 
ll.p 
m 
1 + t 
H 
c 
pi 
~-~ -·--~--- --- - -~- - · 
vb 
Inorganic 
llp 
m 
Phosphate 5.377 X 10 -5 1 + t 
H 
c 
pi 
0.245 0.062 
0 
0.077 0.029 
0 
0 
0.220 0.085 
-0.141 0.039 
0 
0 
0 
0.164 0.070 
-0.068 0.029 
0.056 0.030 
-1.71 0.42 
0 
--------·---- ---
0.428 0.118 
0 
0.123 0.048 
-1.46 0.66 
0.456 0.110 
·---·---· - ---- ·--··· ·-·-- ·- -·-
99.6 
97.8 
97.7 
99.6 
96.5 
96.1 
91.7 
99.7 
99.6 
<v50 
97.6 
9 5 .4 
99.7 
-----· 
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TABLE X. OVER-ALL MASS-TRANSFER COEFFIClENTS 
Average 
Value of P 
Substance (em/min.) 
Creatinine 0.01441 
Urea 0.01491 
Uric Acid 0.00624 
Phosphate 0.00620 
St;lndard 
Error of P 
(%) 
11.1 
14.2 
10.9 
16.5 
Standard 
Error of 
P-P Dif-cqn 
erences (%) 
9.0 
11.7 
8.9 
13.0 
Reference 
Value of 
mE~F 
min 
0.01536 
0 . 00606 
0.00626 
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TABLE XI. REGRESSION ANALYSIS RESULTS FOR DIALYSANCES 
r------·--- --·------ - - - . ------c--------- -·-· --Standard r--· 
Deviation Confidence 
Substance Constant Variable Exponent c£ Exponent Limits(%) 
vb (em/min) 0.393 0.046 99.99 
6P (mm Hg) 0 - -m 
Creatinine 15.23 1 + t (hours) 0.049 0.022 95.8 
H 0 - -
c (mg %) 0 - -
pi 
-·----------
vb 0.427 0.060 99.99 
Urea 18.92 6p m -0.086 0.028 99.1 
1 + t 0 - -
H 0 - -
c 0 - -
pi 
vb 0.311 0.057 99.9 
top 
m -0.064 0.024 98.0 
Uric Acid 1. 781 1 + t 0.038 0.024 85.0 
H -1. 50 0.34 99 . 8 
c 0 - -
pi 
-- --
-
- -
-
-
-------
vb 0.526 0.096 99 . 9 
6pm -0.059 0.039 80 . 0 
Inorganic 
Phosphate 0.4318 1 + t 0.098 0.039 97.3 
H -1.38 0.53 97 . 5 
c 0.324 0.099 99.3 
pi 
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TABLE XII. DIALYSANCES 
Standard 
Average Standard Error of D- D Reference 
Value of D Error of D nifferences eqn Value of D 
Substance Em~grninF (%) (%) Em~grninF 
Cre atinine 86.4 11.2 6.6 85.4 
Urea 83.1 13 . 3 8.5 86.4 
Uric Acid 41.4 10.0 7.2 41.2 
Phosphate 41.1 15 . 0 10.5 42.1 
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TABLE XIII. REGRESSION ANALYSIS RESULTS FOR RELATIVE DIALYSANCES 
Creatinine 
Uric Acid 
Inorganic 
Phos phate 
0.6688 
0.1200 
0.09828 
J - ____ J ____  Standard Deviation Variab bxpo~e_:-t c£. bxpon~nt_ 
em 
vb (min) 
6 p (mm Hg) 
m 
1 + t (hrs) 
0 
0.098 
0.041 
H 0 
c (mg %) 0 
pi 
-0.123 
0.052 
0.038 
H -1.26 
0 
0 
0 
1 + t 0.065 
H -0.98 
0.125 
0.017 
0.017 
0.046 
0.020 
0.019 
0.27 
0.025 
0.32 
0.053 
Confidence 
Limits 
(%) 
"'50 
99.9 
96.7 
98.0 
97.7 
92.7 
99.8 
97.8 
99.0 
96.4 
·------ --- ---------l 
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TABLE XIV. RELATIVE DIALYSANCES 
--- - - - - - ~~ference -Standard Average Standard Error of 
Value Error of D - D Dr 
Substance of D D (%) r reqn 
1 
Val ue 
r r Differences 
Creatini ne 1.047 7.5 5.2 0.998 
Uric Ac id 0.505 9.2 5.8 0.479 
Phospha t e 0.499 8 .8 7.3 0.483 
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TABLE XV. REGRESSION ANALYSIS RESULTS FOR RELATIVE PERMEABILITIES 
Standard Confidence 
Deviation Limits 
Substance Constant Variable Exponent of Exponent (%) 
em 
-0.085 0.048 89.7 vb (min) 
6p (nun Hg) 0.125 0.023 99.9 
m 
Creatinine 0.8583 1+ t (hrs) 0.055 0.023 97.0 
H 0 - -
c (mg %) 0 - -
pi 
vb 0 - -
6p 0.105 0.024 99.9 
m 
Uric Acid 0.03706 1 + t 0.046 0.024 92.4 
H -1.46 0.31 99.9 
c 0 - -
pi 
-,. __ -------
- - - --
vb 0 - -
6p 0.059 0.030 93.0 
m 
Inorganic 1 + t 0 - "' 75 
Phosphate 0.1254 
H -0.73 0.40 90.9 
c 0 - -
pi 
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TABLE XVI. RELATIVE PERMEABILITIES 
--·· Standard Error l__ ------Average Standard 
of Pr -Pr Value Error eqn Refe rence 
Subs tance of p of P (%) p Value 
r r Differences (%) r 
-----
Creatinine 1.064 9.9 6.8 0.990 
Uric Ac id 0.432 11.2 7.6 0.407 
Phospha t e 0.426 10.2 9.2 0.420 
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TABLE XVII. re5IST.ANCES 'ID TRANSrnR 
Substance Variable Membrane B1ocx:1 Layer Reference Reference 
Paraneter Resistance Resistance Meni>rane B1ocx:1 
(min•) (min•) Resistance Layer 
an. an. (min•) Resistance 
an. (min•) 
an. 
an. 21 219/v0.33 21 52 Creatinine vbmrn:-
( l+t) (hrs) 16 .251 < 1+t> 
1.0 62 11 62 
"b 19 170/v0.30 19 46 
Urea 
'1:m (mn.Hg.) 11.4 2056 °•20 Pm 21 44 
Vb 30 325/v0.20 30 135 
Uric 
Acid 
'1>m 56 730'1:>m0.10 56 109 
1+t 26.6/(1+t) 1.0 147 18 147 
Inorganic vb 24.5 1175fvo.5o 24.5 135 
Phosphate 
1+t 55f (l+t) 1.0 123 37 123 
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.Appendi.x A 
'!be subroutine used for the re<JreS&ion analysis is repro-
duced below. The language used is Fortran IV. A flowchart for 
the program can be found in the literature (1). 
-13R 
$IBE'.OC m; DEX::K, LIST, REF 
SUBRXJ!'INE REXiRES (N, M, X, Fl, F2, IP, ANAME) 
DIMENSION oEORIORFIpEOpIORFIptquEORFIuBAoEORFIpf~EORFI 
1 BETA(25),A(25,25),B(25,25),SB(25),C(25,25),V(25) 
DIMENSION X(M,N) 
~ I IIDD)l I BETA.Z,BETA 
I mn:xl2 I SB 
cnM:N I REXD:>3 I 5'l, PHI, v 
cx::.fM:N I RFnX>4 I XBAR., pf~ 
I.DGICAL PSW 
~ (R,A,B,C,S), (SWTX,SB) 
PSW • .TRUE. 
IF (IP .G: 5) PSW = .FAlSE. 
IF(PSW) WRITE (6, 70) ANAME 
70 ~q (lHl, I I' 40X, jjH***** f.IJLTIPLE R&;RESSIOO ANALYSIS CN DA.T 
lA ', A6, 7H' *****, ///) 
IF (N .LF. 25)00 'ID 120 
fcE~ WRITE (6, 100) 
100 cl~ (lOX, 34H*** ERROR ••• N GREATER THAN 25 ***) 
00 'ID 2190 
120 NM = N - 1 
00 170 I=1,N 
00 150 J=1,N 
150 R(I,J)=O.O 
BETA(I)=O.O 
170 swrx(I)=O.O 
fcE~ WRITE (6, 190) N,M 
190 FOR-1M' (SOH ~ OF INDEJ?ENI:ENr .AND IlEPENDENl' VARIABLES IS , 
1 12' I I, 26H Nt.mER OF OBSERVATICNS IS ' I6' I/) 
IF(PSW) WRITE (6, 210) Fl, F2 
210 F"QR.1AT (33H F-LEVEL 'ID FN1'ER A VARIABLE IS ' F6. 2, I I' 
1 33H F-LEVEL 'ID REMJVE A VARIABLE IS , F6. 2, / /) 
IF(PSW) WRITE (6, 230) N 
230 FOR-1M'(28H THE IEPmDEN!' VARIABLE IS X,I2,/ /) 
c oox 1. INPUr DA.TA 
00 300 I = 1,M 
00 300 J = l,N 
IF (X(I,J))270,300,270 
stM:> OF VARIABLES 
270 SWTX(J) = SWTX(J) + X(I,J) 
Slf.1S OF ~ AND Cia;S-Pmr:u:TS 
00 290 L = 1,N 
290 S(J,L) = S(J,L) + (X(I,J) * X(I,L)) 
300 <XNr:rNUE 
StMn'=FWAT (M) 
IF (IP-2)330,450,450 
330 WRITE(6,340) 
340 ~E////IRMuIlUe SUMS OF VARIABLES,//) 
WRITE(6,360) 
360 FORMAT(6X2HXlllX2HX211X2HX3llX2HX411X2HX5llX2HX611X2HX711X2HX811X2 
l.HX911X3HX102X/) 
WRITE(6,380) (SWTX(I),I•l,N) 
380 FORMAT(lHO,lP10El3.5) 
390 WRITE(6,400) 
400 FC>R-1AT(////,40X,38HRAW stM; CF SCUARES J\NO CR:lSS m~I//F 
WRITE (6, 360) 
DO 430 I•l,N 
430 WRI'IE(6,440) (S(J,I),Jml,I) 
.40 F'()Ro1AT(lHO,lPlOE13.5,/,lH ,10E13.5./.1H ,10El3.5) 
450 ~gKtr**O 
00 480 I=l,N 
C BOX 3. VJ\RIANCE-<X:IVARINCE MATRIX 
00 480 Jzoi,N 
480 S(I,J)= (SUMWT*S(I,J)-SWTX(I)*SWTX(J))/EMSO 
IF (rP-2)500,570,570 
500 WRITE(6,510) 
510 roRttAT ( llU) 
WRITE(6,530) 
530 ~E/f I, 40X, 26H'VARI.AOCE-<X:IVARINCE Ml\TRIX,/ /) 
WRITE(6,360) 
00 560 I=l,N 
560 WRITE(6,440) (S(J,I),J=l,I) 
~ CF VARIABLES 
570 DO 580 I=l,N 
580 XBAR(I)-swTX(I)/SUMHT 
590 fcEm~ WRITE (6, 600) 
600 F<R1AT (/I I I 40X, 24HMEAN VALUES CF VARIABLES, I/) 
IF(pgJ) WRITE (6, 360) 
IF(PSW) WRITE (6, 380) (XBAR(I), I•l,N) 
C BOX 4. 
00 640 I""'l,N 
640 SIGMA(I)=SQRT(S(I,I)) 
650 fcE~ WRI'IE (6, 660) 
660 :F<JR.M'(////40X, 32HST.ANDruiD IEVIATIOOS CF VARIABLES,//) 
IT(PSW) WRI'ffi (6, 360) 
IF(PSW) WRITE (6, 380) (SIG1A(I), I=l,N) 
00 730 I=l,JIIoU. 
JA=I+l 
DO 730 J-.JA,N 
R(I,J)aS(I,J)/(SIGMA(I)*SIGMA(J)) 
730 oEgIfF~oEfIgF 
00 750 Izl,N 
750 R(I,I)=l.O 
IF (rP-j) 770,840,840 
770 WRITE(6,780) 
780 FOR-Wr (llU, I I I, 40X, 24HCORREIATIOO Ull'.1'TICIFNI'S ,/ /) 
WRITE (6,800) 
800 :cC>lfoo~Aq (9X2HX111X2HX211X2HX311X2HX411X2HX511X2HX611X2HX711X2HX811X2 
1HX911X3HX102X/) 
DO 820 I=l,N 
820 WRITE(6,830) (R(I,J),Jal,I) 
830 cl~E HO,lOF13.5,/,lH ,10Fl3.5,/,1H ,10Fl3.5) 
C STEPWISE MULTIPLE REGRESSION 
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840 IF(PSW) WRITE (6, 850) 
850 FORMAT (/I I I, 34H *** mxiiN STEPWISE REX;RESSION ***, I I> 
'IUI;o:0.001 
SWlUI za(). 0 
880 S:ITCH-1.0 
PHI::oSlMfi' - 1. 0 
ISTP=1 
c oox 5. 
910 SY=SIGMA(N)*SQRT(R(N,N)*SUMWT/PHI) 
IF ( SW!Oi)960,930,960 
930 IF(PSW) WRITE (6,1370) SY 
IF (PSW) WRITE ( 6, 950) 
950 FC>R-1AT (/I) 
960 I=1 
VMJN:o:10. OE20 
VMAX=O.O 
~M 
~=M 
C BOX 6. 
1010 IF EAEfIfF~iF1MOMI1MOMI1MRM 
1020 IF(PSW) WRITE (6,1030) I 
1030 FUR-1AT(20H 'IDLERANCE OIEO<. X,I2) 
00 'ID 1170 
C BOX 7. 
1050 V(I)=(A(I,N)*A(N,I))IA(I,I) 
. c oox 8. 
IF (V(I)) 1120,1170,1070 
C BOX 9. 
1070 IF (V(I)-VMAX)1170,1170,1080 
c oox 10. 
1080 VMAX=V (I) 
NMAX=I 
IEI'A(I)=O.O 
00 'ID 1170 
C BOX 11. 
1120 BbqAEfF~EBEfIkF*pfdMAEkFFfpfdMAEfF 
pBEfF~*pnoqECEfIfFfprMtqFfpfdMAEfF 
c oox 12. 
IF (ABS (V(I) )-ABS (VMIN)) 1150,1170,1170 
c oox 13. 
1150 VMIN=V(I) 
miN= I 
C BOX 14. 
1170 IF Ef-E~1FF11UMI1OMMI1OMM 
C BOX 15. 
1180 I=1+1 
oo ro 1010 
c oox 16. 
1200 BETAZ=O.O 
DO 1220 f=1I~ 
1220 BETAZ=BETAZ+(BETA(I)*XBAR(I)) 
BETAZ=XBAR (N) -BETAZ 
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C DA.VFS INSERI'IOO 
IF(SWTCH)1250,1520,1250 
1250 IF (K.EQ.O) GO TO 1850 
IF(PSW) WRITE (6,1260) ISTP 
1260 ~E1Melpqbm NO. ,12) 
GO TO(l320,1280), JtM> 
1280 IF (PSW) WRITE (6,1290) K 
1290 FOR-1AT(/6X,22H VARIABLE REMJVED IS X,I2) 
fcE~ WRITE (6,1350) F 
00 TO 1360 
1320 IF(PSW) WRITE (6,1330) K 
1330 ~q (/6X, 23H VARIABlE ENI'ERJ'N; IS X, 12,) 
IF (PSW) WRITE (6 I 1350) FINK 
1350 FORMAT (/6X, 11H F LE.VEL , F17. 6) 
1360 fcE~ WRITE (6,1370) SY 
1370 ~E/SuI1Se STD. ERROR OF Y,F12.6) 
~E1KM-oEkIkFF 
IF(PSW) WRITE (6,1400) IMJL 
1400 FORMAT(/6X,llH MULTIPLE R,F17.6) 
IF(PSW) WRITE (6,1420) BETAZ 
1420 FORMAT(/6X,14H CONSTANT TERM,F14.6) 
ISTP= ISTP+ 1 
fcE~ WRITE (6,1450) 
1450 FOJMil.T(/40X4SHVARIABLE OOEFFICIENr STD. ERR. OF COFF. ,//) 
DO 1500 I=1,NM1 
IF (BET.A(I))1480,1500,1480 
1480 IF(PSW) WRITE (6,1490) I, ~9flI SB(I) 
1490 ~qE4OuIleuIfOIOc1TKSF 
1500 <rNl'INUE 
IF (SrTCH)l520,1850,1520 
C OOX 17. 
1520 F=ABS(VMIN)*PHI/R(N,N) 
IF (F-F2)1540,1580,1580 
c oox 18. 
1540 K=NMIN 
PHI=PHI+l.O 
JUMP=2 
GO TO 1660 
c oox 19. 
1580 PHI=PHI-1.0 
FINK:VMAX*PHI/ (R (N, N) -VMAX) 
IF(FINK-F1)1610,1630,1630 
1610 PHI=PHI+l.O 
GO ro 1850 
c OC>X 20. 
1630 K=NMAX 
S:rn::H = SUt+li' - PHI - FI.lYo.T (N) 
JUMP=l 
c oox 21. 
1660 IF (K.EQ.O) GO ro 1850 
00 1780 I=1,N 
DO 1780 J=-1,N 
IF (I-K)1690,1700,1690 
1690 IF (J-K)1710,1730,1710 
1700 IF (J-K)1750,1770,1750 
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1710 A(I,J)=((A(K,K)*A(I,J))-(A(I,K)*A(K,J)))IA(K,K) 
oo ro 1780 
1730 A(I,N+1):s(-1.0*A(I,K)IA(K,K)) 
00 TO 1780 
1750 A(N+1,J)=A(K,J)IA(K,K) 
oo ro 1780 
1770 A(N+1,K)=1.0IA(K,K) 
1780 a:Nl'INUE 
00 1800 I•1,N 
1800 A(I,K)=A(I,N+1) 
00 1820 J=1,N 
1820 A(K,J)=A(N+1,J) 
c EN) oox 21. 
SWIUI= 1.0 
oo ro 910 
1850 IF (IP-3)1860,1950,1950 
1860 WRXTE(6,1870) 
1870 FOIM\.T(lHl,l I I ,60X,l2HFINAL MM'RIX,I I> 
WRITE (6,800) 
00 1900 I-=l,N 
1900 WRITE(6,1910) (A{I,J),J•1,N) 
1910 FORMAT( 10F13.S,I,1H ,10F13.S,I,lH ,10F13.5) 
IPHI=PHI 
WRITE(6,1940) IPHI 
1940 FOR-M' (/I I I I 21H aflit:s-~obbp~lC OF F'RE.!El:XM ::a , IS) 
1950 IF(P5W) WRITE (6,1960) 
1960 FORMAT <1111, 9X, 14HFINAL VARIANCE, 8X, 14HFINAL F-LEVELS,II) 
00 2040 I=1,NM1 
IF (0.0- V(I))1990,2010,2030 
1990 FF=V(I)*PHIIR(N,N) 
oo ro 2040 
2010 FF=O.O 
oo ro 2040 
2030 ~ABp (V(I) * (PHI-l.O)I(R(N,N)-V(I)) 
2040 IF(P5W) WRITE (6,2050) I, V(I) I FF 
2050 FORMAT(2X,lHX,I2,lX,lPE16.6,iPE22.6,1) 
IF (IP-1)2070,2190,2190 
2070 WRITE (6,2080) 
2080 FORMM:' (1H1, I I I, 20X, 31H.AC'ruAL vs. PREDicmD RESULTS, I, 
1 SX, 7HRlJI1 00., 9X, 6HACIUAL, 13X, 9HPREDICI'ED, 11X , 
2 9HDEVIATION, I I> 
00 2180 I = 1,M 
Z ~ BETAZ 
DO 2140 J = 1,NM1 
Z = Z + BETA(J) * X(I,J) 
2140 CXNI'INUE 
ZZ = Z - X(I,N) 
WRITE (6,2170) I, X(I,N), Z, ZZ 
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2170 cl~ (7X, 13, JX, F17.6, JX, F17.6, 3X, F17.6) 
2180 a:NI'INUE 
2190 FOIMA.T (//, 38X, SOH***** MJLTIPLE ~fCk ANALYSIS a:H'IEI'ED * 
1****, ////) 
RE'ruRN 
END 
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PARr II 
Interfacial Structure of Concurrent Air -Water 
Flow in a Two-Inch Diameter fbrizontal Tube 
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IN'l:'KX:O::TION AND BACI<GR:X.Nl 
Systems of two phases, one gas and one liquid, have been 
receiving increased attention in the literature. The volme of 
research on transport pheocrnena in such heterogeneous systems 
when both phases are in notion has substantially increased in 
the past two decades. 'Ihl.s increase has been rrotivated by the 
expanded extent to which two-phase flow has been used in industry. 
'1\<.lo-phase flow systems have been used for sane t.irrw:! in the pro-
duction and transportation of crude petrole\E\ and petrolel'lll 
products, and presently they are being increasingly used as 
rcediun for chemical reactions and for the transfer of heat and 
mass between phases. As yet, l'¥Jwever, there are not nearly 
enough experimental results available to allow the clear under-
standing of the rates of transfer of nanentum, energy, and mass 
that is required for the logical and careful design and ~ation 
of equiptent and processes. 
Much of the early work on fleMing two-phase, gas-liquid 
systems in closed cx:ndui ts dealt with the prediction of pressure 
losses in the system and with the prediction of the flow pattern 
existing in the system. '!he prediction of flow patterns and 
pressure drop is possible for a limited mnber of systems, although 
many systems of industrial interest are incl\.xled in this n\.llli)er. 
There are a nm"ber of excellent smrnaries and bibliographies of 
the research in this area (2a, 2b, 14, 15, 34, 39). M:>st of the 
research thus far is experimental in nature, but there have been 
nunerous errpirical and serni.-errpirical 11'0dels presented for the 
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predictic::n of pressure drq:ls. Investigaticns of either heat, or 
mass transfer across the liquid-<Jas interface in two-phase floK-~ 
in horizcntal, closed c:xnduits have increased c:xnsiderably in the 
past few years (1, 3, 6, 7, 15, 28, 33, 34, 39). Only recently 
has significant oonsideraticn been given to the effects of the 
interfacial structure en heat and mass transfer across a gas-
liquid interface in closed conduits (3, 7, 28). 
In general, the predicticn of heat and mass transfer across 
an interface is difficult at the present time (2c). 'Jhis sit-
uaticn will not be improved until significantly JOOre data are 
available regarding the interfacial structure in given systems 
and the effects of the interfacial structure upcn the transfer 
rates. Waves en an interface effect the transfer processes 
across the interface by increasing the interfacial area and by 
altering the transfer m:!chanisms in the vicinity of the interface. 
'lllerefore, part of the knCMledge cne must have to predict the 
transfer processes in the vicinity of a free interface, is the 
J<na.lledge of the individual wave characteristics- wavelengths, 
wave heights, and wave velocities-- and if possible cne should 
be able to characterize surface structures at many conditions 
in tenns of a particular JOOdel or theory. Such information 
would bring aba.lt increased understanding of the generaticn, 
propagation, and maintenance of interfacial waves and would 
aid in determining their effects an transfer processes. 
Efforts taK-~ards the characterization of interfacial surface 
st:ructnre and its effect upcn transfer processes across the 
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interfaoe have been made for several decades. Many types of 
systems have been investigated, and the results cbtained in cne 
system are usually not applicable to other systems. Experimental 
systems may be either horizcntal or vertical, may use ccncurrent 
or cnmtercurrent flCM in any of several flCM regimes (wavy, 
annular, slug, etc.), may use q:>en or closed channels of various 
geanetrical shapes, and may use an infinite variety of fluids 
and operating conditions. One frequently investigated system 
utilizes the concurrent flCM of roan-~rature water and air 
in a horizcotal, closed a:nduit. This particular system has 
been subjected to a a:ntinuing investigatico over the past two 
decades. A research group at the tJni versi ty of Illinois headed 
by T. J. Hanratty has made extensive contributions to the sttrly 
of ccncurrent, water-air flON in a horizcntal, rectangular 
channel with a very high width-to-heiqht ratio. Several investi-
gators have investigated the saoo system in circular tubes. The 
research using rectangular dlannels is more extensive than the 
work using circular tubes, and the work of this thesis further 
delineates the characteristics of interfacial structure in 
oorizcotal circular tubes . 
The initial significant contributions for the stratified and 
wavy flCM regimes in horizcntal, closed oonduits were made at 
the University of Delaware by Jenkins (21) , Bergelin and Gazeley (4) , 
and Gazeley (13). They investigated the isothennal concurrent flew 
of air and water in 1-indl and 2.065-inch-I.D. horizcotal pipes. 
Jenkins (21) visually mapped out the stratified, wavy, slug, and 
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annular fla-t regimes in 1-indl and 2.065-indl pipes. Bergelin 
and Gazeley (4) carried a.tt their work in a 2.065-indl-I.D. 
horizcntal cqJper tube. They measured the depth of the flowing 
water in the tube over the last 12 feet of the length of a 
22-foot tube. Measureroont of the pressure drop over a distance 
fran 3 to 13 feet fran the free liquid overfall enabled than to 
calculate the fricticn factors for the system over this length 
of the system. '!he length falls within the exit length. FUrther 
pressure-drop measurements were made by Hoogendoom (19) in pipes 
of different diaooters. 
For cx:ncurrent fla-t of air and water inside a rectangular 
duct 1-indl high and 12 indles wide, the initial mapping of the 
fla-t regimes and the detenni.nation of the cnset of waves was dcne 
by Hanratty and Engen (16), Helfinstein (17), and Van Rossum (37) • 
'!he work of Hanratty and Engen was later found to have been 
influenced by entrance effects (25, 26). The gas-phase pressure 
drcp was first studied in detail in this system by Lilleleht and 
Hanratty (25, 26, 27) • 'lhese pressure-drop measurements were 
extended and made more accurate by the work of COhen and Hanratty 
(9, 10) • Closely related work was done by 01ang and Duk.ler (8) • 
'lhesc pressure-drop measureocmts cx:rupled with rreasured velocity 
profiles enabled the deter.minatian of friction factors by the 
authors. 
'!he work discussed to this point has all dealt with the 
measurement of certain bulk, macroscq>ic p~rties of eadl of 
the two phases in the systen. Investigators using rectangular 
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channels have pr~ further and stulled the details of the 
interfacial structure--the heights, lengths, frequencies, and 
velocities of the waves. No work alcng these lines had been 
dale in systems using circular tubes. '!be first canplete 
investigation of the interfacial structure of waves in a rec-
tangular channel was dale by Lilleleht and Hanratb.J (25, 26, 27) • 
'!hey measured the heights and the frequency distribution of the 
interfacial waves and fitted the results of the ll'Odel of a 
stationary Gaussian proress. The results fit the model quite 
well except for the conditions of high flow rates of air over 
a relatively thin film of water. At these cxmditions there 
were too few large waves, pres\.J'Ilahly as a result of the damping 
effects of the botton of the dlannel upcn the liquid. One 
inCXlllsistency of this worl< at the university of Illinois was 
a difference of 25-40 per cent between the measured film thick-
nesses of Lilleleht and the measured film thicknesses of another 
worker, Hershman (18), at identical cx:nditions using the same 
apparatus but with a different entrance secticn. Prestmably 
entrance effects accounted for the difference. Cohen (9, 10), 
using the sane apparatus, extended Lilleleht's results and also 
used different fluids. With these results he was able to present 
a better theoretical bad<gmmd for the observed wave heights in 
the system. 
No ate had excmi.ned the interfacial structure of wavy flow 
in a circular tube. '!his work did so using water and air as the 
fluids in a tube with a 2-indl dicrneter. This work logically 
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needed to be dale since two-phase flCM in horizcntal, circular 
tubes occurs quite frequently in industrial practice, more 
frequently, indeed, than fl.aN in thin channels. A sb.rly of the 
interfacial structure in such a circular tube is a worthwhile 
and necessary step t<:Mards the understanding of the ~chanisms 
of heat, mass, and manentun transfers acrcss the interface in 
pipe flcu. 
'lhe wave characteristics in this system were rreasured and 
characterized by the model of a staticnary Gaussian process. 
The adequacy of a statiooary Gaussian process to describe the 
results was tested. 'lhe purpcse of this work was therefore to 
~asure the interfacial wave structure in cne system of engineering 
interest and to detennine if the study of interfacial phenanena 
in this system may be successfully approached by considering the 
interface in tenns of statistical distributicn f\mcticns. Exper-
ilrental results for the wave parcrreters were cx:mpared to a few 
theoretical expressicns fran the literature, but no effort was 
made to carry out a conprehensive cx:mparison of the results to 
all of the many theories available. Also, no effort was made 
to generate any new theoretical results which may be necessary 
to explain adequately the experilrental results. 
'Ihe wave structure in the b.-to-dimensional rectangular system 
discussed above was analyzed in the sare fashion as wave structure 
is analyzed en large, c:pen bodies of water. 'lhe scrre analysis was 
used in this work. '!he analysis, lcnq used by oceanographers , 
assunes the surface structure may be characterized by a staticnary 
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Gaussian prcx:Jess. '!he wave structure is Gaussian if the prd:>ability 
function used to detennine the fraction of the time that the liquid 
level is between two heights is a Gaussian distribution function. 
'lhe wave structure is stationary if the distribution function is 
not dependent upco the ti.ne at which the wave structure was 
measured. When a wave surfa~ meets these ronditions, it may be 
characterized as a stationary Gaussian process, the description of 
which is well-Jma,.m and firmly rooted in theory. 
'!he theory behind the stationary Gaussian process was 
develcped by Rioe (32) • 'lhe application of this work to ocea-
nography followed shortly thereafter and is best described by 
Pierson (29) , Putz (30) , and Kinsman (22) • Putz (30) describes 
in excellent fashion how to analyze a wave rec:x:>rd by this mathe-
matical technique and how to report the results. His methods 
were used for the rectangular channel work previously mentiCI'led 
and in this work also. 
In wave analysis. the instantaneous height, h, of the liquid 
is designated as the SU'TI of an average height plus a fluctuating 
<XJ!lXli1Emt. 'lhe average height, h, is chosen to be a t.iire average 
defined as 
h = lim !. ft hdt 
t -+<><> t 0 
and the fluctuating height, h', is then defined by the equaticn 
h = h + h' 
[1] 
[2] 
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The r.m.s. wave height, designated as ll.h, is 
1 
llh = £ lim! rt <h'> 2 dtJ2 
t-+<» t 0 
A probability function, P(h), may he defined so that P(h)dh is 
the fraction of the t~ that the liquid height is hetween the 
height h and the height h + dh. If this probability function 
is stationary and Gaussian, then at all times 
1 
2 
p (h) = <!..J !___ exp 
2w llh 
To detenni.ne if a surface wave structure may be represented 
by a stationary Gaussian p~ssI one nust affirm that the 
probability distribution for the surface height is indeed 
Gaussian and that the characteristics of the function do not 
deperrl upon the ti..ne at which the wave structure in the system 
was measured. '!he fooner requirement is easily determined by 
preparing a plot of the liquid level distrib.ltion on p:robabili ty 
graph paper. If the resultant distrib.ltion curve is a straight 
line, the distribrtion is Gaussian. If the curve deviates fran 
a straight line, then the distr:il:ution is non-Gaussian. The 
test for the latter requirerrent is made by obtaining surface-
level rreasurerrents in a system at several different ti.rres and 
ocrrparing the resultant distribution curves as plotted on 
probability graph paper. 
Once the existence of a stationary Gaussian prcx:ess is 
CCI'lf:inred, the structure of a wave surface interface is 
(3) 
[4) 
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cx:rrpletely characterized by rooasuring the r.m.s. wave height, .ili; 
the time-average liquid depth h; the wave frequency, f 0 , at h; the 
frequency of extrema in the liquid level profile, f 1 , the frequency 
spectrum at h; and the wave velocity distribution. If a wave 
structure is not stationary, further nndifications are available tD 
describe the liquid surface. If a wave structure is not Gaussian, 
no other sui table distrib.ttion ftmction is available which allows 
the surface to be readily characterized. 
The frequency distribution is not reported in this to.Ork but 
may be obtained if desired fran the original wave re<.x>rds. If 
the frequency spectrum for the fluctuating height h' i!Ci w(f), 
then Rice (32) showed that the fraction of h contributed 
by waves with frequencies between f and f+df is w(f)df. The 
frequency spectrum in effect distributes the wave energy 
over a cxmtinuun of superi.nposed elenentary waves. 'llle dis-
tribution of energy is fntx>rtant for the study of the generation 
and the propagation of waves. For oceanographic '\oiOX'k, krx:Mledge 
concerning this distribution is necessary to predict the sea-
surface profile at another nearby location. The frequency spec-
tr\Jn has been rreasured for flCM in rectangular ducts (10, 25), 
but its applicability to engineering design and correlations in 
such systems has not yet been derronstrated. Putz ( 30) describeS 
the metl'XJd for determining the frequency distribution fran a 
given wave record. Al tlxlugh the distrib.ltion may be obtained 
noderately easily by the use of proper electronic equiprent 
it is very tedious to obtain the distribution by the analysis of 
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wave records. 
There are a variety of ways that a distribution ftmeti.on 
may deviate fran the Gaussian distribution. In this w:>rk, only 
five deviations need be noted and given sane type of specifica-
tion. Figure 1 slx:lws a Gaussian distribution and five types of 
deviations-labeled types I, II, III, r.J and V--drawn on pro-
bability graph plots. 'Ihe type II deviation was JX>ted in the 
t\.Jo-dimensional wave work (11, 27), although at rx:> conditions 
was the break in the curve of such a magnitu::!e as to result in 
a substantial deviation fran the Gaussian straight line. 'I1li.s 
deviation fran the Gaussian distribution was attriblted by the 
authors to the danl?ing effect of the channel bottan on the wave 
structure at l<M liquid levels in the system. 
It is f.n1:x>rtant to rx:>te that these deviations fran the 
Gaussian distribution may only be apparent deviations in sane 
instances, that is a Gaussian surface structure may plot as 
a non-Gaussian structure because of the t.iJre variation in sarre 
paraneter affecting the t.irre-average liquid level. If the t.ilre-
average liquid surface level changes during the t.iJre span in whi.dl 
the wave record is taken, then this alteration in the value of 
h results in an actual Gaussian wave structure being plotted 
non-linearly on probability graph paper. 'The particular 
manner of deviation fran linearity would depend on the marmer 
in whidl h varied during the t.iJre span of the wave record. In 
an open sea, such a variation in h could be caused by the effect 
of the tides. In a system with a flowing liquid, a change in 
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the liquid flow rate \10\lld under rrost cirClm9tanoes affect the 
h value. If a gas were flowing over the liquid, again urrler 
rrost circt.rnStances a ch.ange in the gas flow rate would result 
in a variation in fl. Thus, any time a ncn-GaU8sian wave 
structure is obtained, one nust check that h did not change 
during the time span of the wave reoord. 
The applicability of the stationary Gaussian wave nndel to 
describe interfacial structures in situations of chemical 
engineering interest has rarely been tested. For the wavy 
regime of bolO-phase flow in hori2ontal systems, IJ..lleleht (27) 
and Cbhen (11) provided the cnly test of the applicability 
of the stationary Gaussian rrodel. Their results, cbtained 
fran the O«>-dimensional region of a rectangular channel, did 
not pz:ovide a very exacting test of the applicability of the 
trodel. lb'letheless, a lindtation to the usefulness of the trodel 
was approached, al th::>ugh not quite reached. The work reported 
in this thesis provided a more rigorous test of the stationary 
Gaussian no:lel by treasuring the interfacial wave structure of 
isothennal air--water flow in a horizontal Lucite tube with a 2-inch 
diarreter. This system has, in effect, beccrne the standard system 
for horizontal, tw:>-phase flow in pipes ever since it was used 
by the first investigators in the field (4, 13, 21). Air and 
water are used as the fluids because of obvious convenience. 
Large pipe dianeters are desirable far research stWi.es of 
interfacial pherxlte1a in pipes i.nasrrudl as they will probably 
nore closely approximate any ultimate i.Mustrial systems, but 
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c:n the other hand, the use of pipes of dianeter greater than 
abalt 2 inches requires punp and blo...-er capacities and floor-
spare requirements that are excessive for m::xst research lal:x>ra-
tories. Details of the experim::mtal apparatus are presented 
next. 
EXPERIMENI'AL APPARA'IU) 
General 
'!he design of any experi.ll'ental apparatus is made logical by 
kna-ring the possible variables which can affect the rreasured 
quanti ties which are to be detennined in the apparatus. '!he 
nunber of variables which can affect the interfare in two-phase 
gas-liquid flew is CX>nSiderable, and disagreement exists re-
garding heM many factors must be oonsidered as important (14). 
Ccnsequently, ocnsiderable difficulty is usually encountered 
in designing experimental systems to cbtain accurate and rrean-
ingful results. The lade of a clear understanding of the phe-
naoona involved and the dearth of experimental data in rertain 
critical areas forres the investigator to rely largely en ex-
perienre and oonrepts gained fran analysis of single-phase flews. 
A trial and error approach tcward the solution of many experi-
m:mtal difficulties is often neressary. '!he experimental 
apparatus used in this work, in its final state, the end result 
of many trials (and errors) , is shewn schematically in Figure 2. 
'!be two rot:areters for water in parallel allowed a maxirm.Jn 
rooasurable flew rate of water of 2500 lb./hr. thra.lgh the lllcite 
tube secticns. '!he water surfare in the c:x:nstant-head tank 
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was 8 feet al::lo\1e the test section. All water tubing was cne-inch 
copper tubing with the exception of a soort sacrificial galva-
nized se<.:Jrent :i.rrmedi.ately after the water ~ and sore flexible 
hose on eadl side of the water punp to minimize the effect of 
pump vibration on the system. 
'!he ex>llecting box after the lllcite tubing was 24 1/2" x 
24 1/2" x 50" in dirnensioos and ccnst.ructed fran lllcite. Air 
fl~ fran the 1::>a<: through flexible tubing 5-inches in dianeter 
to the blcwer. Fran the bl<YNer the air was forced through pipe of 
a 2-inch dicrneter pipe to a surge tank 4 .6 ft3 in vol~K Auxiliary 
air fran the laboratory air line was fed, when needed, directly 
into the surge tank. The air rotaneter and Venturi neters were 
capable of measuring flCM rates of air fran 5 lb./hr. to 350 
lh ./hr. when used in ex>njnnction with 100-an. kerosene mano-
meters. Fran the measuring devices, the air was fed into the 
tubing entrance section of Lucite through flexible 5-inch I.D. 
tubing, a long, straight, 5-inch-dic300ter air duct, and a short, 
1-inch-d.icrneter rubber hose. '!he flexible air ducting and rubber 
hose were used to isolate the vibrations of the blcwer and the 
building fran the horizcntal Lucite tubing. 
I.llci te TUbing 
'!he horizontal tube in which the ~phase flCM was develq:Jed 
and measured consisted of eight sections of Lucite tubing with 
2.00-inch I.D. and 1/4-inch walls. '!he air and water entered throoqh 
the entrance section and flcwed thro.lgh three successive 5-foot 
sections of tubing before entering the 15-inch test section. 
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After the test secticn, the fluids flCMed thrCUJh a 3-foot and 
bro 5-foot sections of Luci te pipe to a 2-inch-lcng seqnent of 
Lucite which led to the oollecting bcoc at the end of the systEm. 
'!he water fla-Jed via a free overfall into the collecting bcoc. 
Each 5-foot secticn had two pressure taps, cne at each end, 0.04 
inch in dicneter. 
'!he inner dianeter of the Luci te tubing varied fran 1. 97 
indles to 2.03 inches. Because the interfacial structure 
was disturbed by sudden alteraticn in the tube dianeter, such 
as often occur when two tube secticns are joined together, a 
great deal of care was taken to ensure that the tube secticns 
-were joined together in such a manner that no disturbance to 
the flow was observed visually at the joints. '!he tube ends 
-were modified to make each end identical. First, the Luci te 
~s were each machined to a unifonn 2.03-inch I.D. at the ends 
by tapering the inner wall as much as was necessary in the last 
inch of the tubes. 'lhe inner walls of the tubes were then 
srooothed by polishing. Seoond, the Lucite ~ was machined 
to a t.mifonn, 2. 45-inch o.o. fran the naninal 2 1/2-inch O.D. 
for a 2-indl distance fran the ~ end. 'nlird, the ends of the 
~were madtined to be perpendicular to the machined porticn 
of the a1ter dianeter. Modified in this way, all tube ends be-
cane identical. When prc:perly butted up to me another and 
clCI\'q)ed toge ther with standard 2-inch sewer-line clamps that had 
the middle ridge cut out of the rubber gasket, no evidence of 
disturbance caused by the joints was found in the systEm. 
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'lhe Luci te tubes were mounted on supports that allowed both 
horizcntal and vertical ~t of the tube. The supports were 
bolted to the inside of the outer wall of the building. 'nle 
tubes were leveled to :+-0.02 inch over the length of all the 
tubes before each experimental run hy usinq a cathetcrneter and 
referenCE lines drawn on the wall of the building. 'ntese refer-
enCE lines were all drawn at the sarre height ±0. 005 inch over 
the length of the system by using a surveyor's level. Split 
pieCEs of Tygon tubing between the supports and the tubes served 
to insulate partially the tubes fran any building oscillations • 
Moderate cleanliness of the fluids and the Luci te tubing 
was essential to ootain reproducible results. 'lhe tap water 
was changed after at least every other run. For a t.:iJre the air 
fran the building air line was filtered to remove oil and impu-
rities, but this was abandcned as unneressary before the final data 
were taken. 'Ihe Luci t:e tubing sections were thorcughl y scrubbed 
and cleaned after at least every fourth run. ~Dlhen the system was 
not sufficiently clean, the water depth showed a hysteresis depend-
ence upcn the prior <XJndition of the system. Also, the water 
depth at given condi ticns tended to be lCMer when the water or 
tubing was not clean than when the system had been recently cleaned. 
Entranre Section 
The entrance section is important in two-phase flCM systems. 
If the two phases are brcught together in a ·~ssy" fashion, the 
resulting turbulence and splashing will affect the flCM conditions 
-161-
for an ex~gly lcng distan~ do.omstrecro. Ore of the entran~ 
sections used in this work is pictured in Fiqure 3. '!his desiqn 
was chosen by a trial-and-error process. '!he other entranre 
section is similar to the cne pictured except that the thin divider 
was plared 1/2 inch up fran the bottan of the tube instead of 
1 inch. For best results, the level of the divider in the en-
tran~ secticn should approximate the level of the water fleMing 
in the tube. For this reascn, the choire of entranre section 
for eadl run was detennined by the depth of the water at the 
oondi tions whidl would exist during the run. 
'!he divider was a sheet of Illci te 1/16-indl thick which was 
et=m:mted into a slot cut thra.1gh the Illci te tube walls at the 
apprq:>riate height. '!he length of the divider was detennined by 
a trial-and-error procedure to determine the length of calming 
section neressary so that when the fluids cane into oontact 
there 'WOUld be no notireable distorticn of the interfare because 
of the turbulenre in eadl fluid indured at the entranre to the 
Illcite tubing. A divider 12 indles lcng was satisfactory at 
rrost oondi tions, but at high rates of fluid flow a divider 18 
indles lcng was required. '!he glass wool filter was used to 
remove any particulate matter fran the water phase. 'lhe filter 
was changed after eadl experi.Jrental run. \'!len it becane moderately 
brcMn oolored during the CXJUrSe of a run, the systen was cleaned. 
'!he filter was held in plare by the oopper screen. 
Settling Basin 
'!he initial tests made with the apparatus indicated the 
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presenoe at sc:rre flow conditions of a hydraulic junp 10-15 feet 
fran the free overfall at the end of the Lucite tubes (5). The 
presence of this jurp made n-easurements .irrpossible in the system. 
A hydraulic jurp occurs when the water changes fran rapid or 
"shooting" flow to tranquil flow. The energy expenditure per 
unit tuhe length necessary to maintain a given mass flow rate 
is less in tranquil flow than in rapid flow. For this reason, 
systems are designed to encxmrage tranquil flow, and civil 
engineers achieve this by installing a settling basin at the 
start of the channel. Because the hydraulic jurp occurs when 
the water depth first exceeds a certain critical depth, the 
presence of a settling basin whose hottan is significantly lower 
than the channel bottan causes the jurp to occur in the basin 
arrl all subsequent flow is in tranquil flow. To rerrove the 
hydraulic jmp problem in this system, the settling basin shown 
in Figure 4 was installed in the first 5-foot section of Lucite 
tubing after the entrance section. The jurp then always occurred 
in the settling basin. The flow through the remainder of the 
tubes was tranquil and measurements of interfacial structure could 
be taken in a properly positioned test section. 
Test Section 
The proper positioning of the test section, the section in 
whidl the pararooters of interest are measured, is an inportant, 
arrl unresolved, question in ho-phase flow. The entrance length 
in horizontal, two-phase flaN, the length that is necessary 
for the interfacial structure to eliminate any effects fran 
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peculiar entrance conditions and for the pressure drop per unit 
length to beoare CXJnstant, is not well defined. It depends, of 
course, upon the type of entrance section used and also upon the 
flCM conditions. There is also in ONo-phase flCM a significant 
exit length; that is, a relatively long section upstream fran 
the liquid over fall in which the hydraulic gradient is signifi-
cant to such an extent that one cannot CXJnsider the liquid depth 
as constant for the purposes of the experi.rrent. A test section 
should be located in a region of the apparatus that is between 
these t'NO lengths unless one specifically wishes to study sare-
thing of interest in these lengths. 
The initial rectangular charmel 1NOrk reported in the literature 
(16) was done using a 16-foot channel length with the test section 
cxnsisting of the final 4 feet. '1llis test secticn \-las almost 
certainly in the exit section of the channel, and later 1NOrk 
indicated the system was oot long enough to eliminate entrance 
effects (25, 26). Later 1NOrk at the same laboratory (9, 10, 11, 
25, 26, 27) used a rrodified entrance section and a total channel 
length of 21 feet. The test section was 11 feet 8 inches fran 
the start of the channel. One of the autl¥:>rs (11) reported an 
entrance length of about 40 hydraulic diameters for this system. 
Because the new test section was over 9 feet fran the free liquid 
overfall, the exit length was probably considered and its influence 
rerroved fran the test section. Still, aoother laboratory recently 
reported results fran a similar rectangular channel 18 feet 3 inches 
long in which the test section was the length of channel 27 inches 
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to 15 ind1es fran the free liquid overfall (17). 
'Ihe initial work using a pipe ( 4, 13, 21) was dcne in a 
20-foot length of pipe in whid1 rreasuranents were taken in the 
last 14 feet of the system. '.these rreasuranents indicated that 
the exit length for the system was 10 to 12 feet. Cbnsideration 
was paid to entrance effects in these works, and presunahly the 
6 feet before the first rreasuring staticn was sufficient to 
eliminate entrance effects on the data. Further work en an 
identical system should not be based upcn this assunption, 
hcJr...Jever. '!he entranCE section used in those works was not iden-
tical to the entranCE secticn used in this work. Another more 
rea:mt work ( 39) used a pipe 20 feet lcng. Measul:'Emimts were 
taken in the secticn 5 1/2 feet to 6 ind1es fran the pipe end. 
'Ibis work appears to have been sanewhat hastily dane, and the 
usefulness of the results is not clear. 
Mud1 care was taken experimentally to identify the entranCE 
and exit lengths for this exper:irrental system. 'lbtal Lucite 
tube lengths after the initial divided porticn of the entranCE 
section of 15 feet, 31 feet, and 38 feet were used in the 
system to determine the entrance and exit lengths. The region 
OJtside of these lengths was detenni.ned to be the tube s e c-
tions in whid1 the following held true: the water depth did 
not change more than 0.02 ind1 alcng 15 inches of tube length; 
the pressure drq::> per length of tube was constant; and the 
interfacial wave structure did not visibly change alcng the length 
of the tube. The results fran both the 31-foot dlannel and the 
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38-foot channel indicated both the entrance length and the exit 
length were about 12 feet long in this system. At sare flow 
cxmdi tions the entrance section ma.y have been a couple of feet 
longer. At other flow condi. tions, the exit length is as little 
as 6 feet. 
Based on these results, a 31-foot total length of Lucite 
tubing was used for this work. The 15-inch test section was 
placed so that the front wave gage, the gage at which the inter-
facial structure was studied, was 14 feet 5 inches frcrn the free 
overfall at the end of the Luci te tubing and 16 feet 6 inches 
frcrn the end of the divider in the entrance section. 
Wave Gages 
'1\-.o resistance wave gages were built into the 15-inch test 
section as shown in Figure 5. Each gage was located 2 inches 
in fran the end of the tube and was centered about the tube dia-
meter. A resistance wave gage is a very sensitive device for the 
measurem:mt of liquid depths and interfacial wave characteristics. 
Such gages have been used experimentally for sc:rre time by civil 
engineers and have been used recently to examine two-phase slug 
flaw in a l-inch dianeter tube (23). ~ characteristics of 
resistance wave gages and their proper cxmstruction and use are 
described in the literature ( 31) • 
Although ~rsion-type wave gages, such as resistance gages, 
are very accurate when used correct! y, there are a numer of 
situations in which their use is inappropriate because the wires 
disturb the liquid sufficiently to affect the structure of the 
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interface. For very small waves, a resistance gage cannot give 
an accurate description of the wave structure because of the er-
ratic dynemic behavior of the miniscus and the e."Cistenc:E of a 
viscous film on the gage as the free surfaces recedes. 1\t these 
very small wave oondi tions when all waves are capillary waves, 
IX> reproducible results can be obtained. In the system used for 
this \oiOrk, wave structures were fotmd sufficiently reproducible 
provided the r.m.s. wave height was greater than 0.002 inch, 
so this restriction was not serious in this work. Disturbances 
arourrl the gage also occur at high liquid velocities. The greater 
the liquid velocity, the greater the height of the ~-directed 
jet at the stagnation point of each wire a:OO the greater the 
cavitation in the wake. Water-phase bulk velocities of up to 
20 in./sec. were obtained in this work. At the highest water 
flow rates, a faint standing wave was saret:i.nes, but not always, 
visible about the wires. This standing wave had the appearance 
of a 1XM wave arout a sailing vessel. 
To determine the rnagni tude of the effect of this wave upon 
the measured water depths and wave structures, a similar wave 
gage with wires of an identical dia:ooter that was mounted on 
a rrobile support over a rectangular channel1 30-feet long was 
noved at constant velocity through a stationary water }:ilase. For 
gage velocities less than 12 in./sec. IX> disturbance to the output 
signal was recorded. At this velocity, a faint standing wa"Ve, 
similar to the wave observed in this system, was visible. At 
1 This apparatus is located in the caltech civil engineering 
departnent in Keck laboratory. 
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20 in./sec. the effects of the liquid surface disturbance were 
enough to cause the recorded water depth to be 0.01 inch too 
high. There was still, however, no awarent wave profile irrposed 
on the recorded output signal by the standing wave. The con-
clusion reached fran this work was that the water depth as mea-
sured in this lucite tube system may be 0.01 inch too high at 
the highest water velocities, but this is not certain inasmuch as 
the standing wave aJ:Peared Imlch earlier in the rectangular channel 
system than in this system. No correction for this r:otential error 
was made to the measured water depths because of the uncertainty 
of the error and the magnittrles of other errors in the water depth 
measuresrents. In addition, in no instances is the interfacial 
wave structure significantly disturbed by the presence of the gages. 
Variations in the temperature of the liquid phase result in 
variations of the signal fran the resistance wave gages because 
the resistivity of the liquid is a strong function of temperature. 
Terrq:>erature effects were minimized in this ~rk since the terrperature 
of the liquid during a run was held reasonably constant so that 
only minor corrections to the measured water depths were necessary 
to aca:>unt for temperature changes in the water. A resistance 
wave gage may be used in certain non-isothermal situati ons, hcMever. 
Such a gage is described in a~ix A. 
The two resistance wave gages were used in conjunction with 
a Sanborn 150 series recording unit. The excitation signal to eadl 
of the wave gages was a 4 . 5 volt 2400 c.p.s. signal fran a Sanborn 
1100 prearrplifier. This prearrplifier was coupled with a Sanborn 
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150-200B amplifier, a Sanborn 154-400 power supply, and a Sanborn 
154-lOOB recorder. A circ:ui t diagrcm for the system is shown in 
Figure 6. Particular details may be found in the standard Sanborn 
manuals for the o:::mpcnents involved. 
Iesistance wave gages must be calibrated before and after each 
experimental run in order to relate the recorded output signal 
to liquid depths. For this work, the gages were calibrated by 
placing the test section in a calibration tank 48" x 12" x 4 1/2". 
'!he test section was held by a level indicator capable of indi-
cating changes in depth of 0.0001 inch. The tank was filled with 
water fran the experirrental system to the desired depth and the 
test section noved up and down known distances. '!he resultant 
record fran the recorder provided the nea:!ssary calibration 
curve. A calibration external to the experirrental system is 
cnly valid if the characteristics of the envircrtrl'ei\t external 
to the test section itself have no effect en the outplt siqnal 
fran the gages. Tests showed that no oojects or fluids external 
to the 15-indl test section ever affected the wave gages in any 
fashicn. 
~riqp 
Error Analysis 
'Ihe experimental results of this work are presented in tabular 
fonn in Appendix B. '!he water flow rates, reported in 1b ./hr., 
were with cne excepticn held within ±2% of the reported value at 
all t.i.mes. 'l11e water flow rate of 250 lb./hr. CX)Uld only be 
maintained within ± 5% • 'Ihe water rot.areters were calibrated 
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several times during the CXJUrSe of the work, and the reported 
values of the flON rates of water at a particular rotaneter 
setting sha.tld not deviate fran the actual flON rates of water at 
that rotanetcr setting by tTOre than 2% • FlON rates of air were 
held within +2% of the reported value during the tim:! when data 
were taken. The air rotareter and Venturi neters were calibrated 
cnly en~ during the work. Ncnetheless, the reported flON rate of 
air at a particular :rotaneter setting or Venturi neter reading 
sha.tld not differ fran the actual flON rate of air by tTOre than 2%. 
'!he median water depth, h, is the charmel-center water depth 
rreasured at the frcnt wave gage. It is the time-averaged water 
depth as rreasured at steady-state over a suitably lcng tine 
interval, usually 30 to 60 seCXJnds. bx~pt when the r.m.s. wave 
height ex~ 0.05 inch, the reported value of his within 
0 • 0 3 indl of the actual value. 0. 01 inch of this error was 
caused by the irreproducibility of the calibraticn procedure. 
Another 0.01 indl was caused by the effects of a ±0.5°C yKaDl~r­
tainty in the bulk temperature of the water on the wcrK~e gage 
behcrK~iorK 'Ihe remaining 0. 01 inch of un~rtainty resulted fran 
not being able to exactly locate the median water depth with 
respect to the hottan of the tube. IDeating the interface with 
respect to the tube bottan was more difficult as t.h increased. 
When t.h exceeded 0.05 inch, h could only be rreasured within 
±0 .04 indl. 
'!he root-mean-square wave height, t.h, was detennined as 
discussed by Putz (30). '!'he fracticn of the tine that the water 
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depth exceeded a given value was plotted against water depth on 
p:robahili ty graph paper. When the water surface distribution was 
Gaussian, the points fell on a straight line and 6h was the depth 
exceeded by the water surface 15. 9% of the t.iire minus the depth 
exceeded hy the water surface 50% of the ti.Jre. When the surface 
distribution was not Gaussian, the root-ttean-square wave height 
was defined as the 6h value of a single straight line drawn such 
that, both fran 50% to 1% and fran 50% to 99%, the area under the 
straight line is equivalent to the area under the actual surface 
distribution curve. An exarrple of this technique is illustrated 
in Figure 7. 
The values of lili are reproducible to ±10% of the value 
reported except for values of l1h less than 0. 002 inch. A 
number of trials indicated that 5% of this irreproducibility was 
due to variations in the sensitivity of the wave gage at different 
water depths which were not aCCOtD1ted for when the wave gage was 
calibrated at only one reference water depth. The remaining 
5% of the irreproducibility ,.,as probably caused primarily by the 
uncx:mt:rollahle small variations in water and air flow rates. It 
was J'X)t possible to detennine the accuracy of the reported wave 
heights by ocrrparison to the heights determined by another exper-
irrental technique. 
The reported values for wave frequencies at the median water 
depth, f 0 , extrema frequencies, f 1 , arx:I the c:x>rrelation c:x>effi-
cients, c, defined as the ratio f
0
/f1 , all were reproducible within 
±10%. The irreproducibility in all three of these variables was 
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apparently caused by the variations in the water and air flow rates 
frcm one run to another and during the length of ti.m:! over which 
the wave record is taken. Possibly, the length of tine of the wave 
records, frcm 5 to 12 seconds, was not sufficient to allow repro-
ducibility to less than ±5% even when fluid flow rates were exactly 
cxmtrolled. 
Reynold's numbers for this system may be defined in either 
of two fashions. The Reynold • s n\.'IITber for a given phase may be 
defined on the basis of the tot:al cross-sectional area of the 
tube, 
. 
4ml 
Rel =--
or on the basis of the cross-sectional area of the tube that 
the given phase occupies at the point of interest, such as 
4ID 
Re = __!. 
1 l.IS 
1 
'Ihe Reynold's mnbers presented in ~ix B are calculated in 
the latter fashion according to equation [ 6] • Air Reynold's 
numbers are accurate within ±5%. Water Ieynold 's nmbers are 
accurate within ± 5% when the water depth exceeds 0. 5 inch and 
within ±10% when the water depth exceeds 0.2 inch. 
The laminar-turbulent transitions in each phase in this 
systan were discussed in the work by Berge lin and Gazeley (4). '!he 
water phase becane turbulent independent of air flow rate at 
600 lb./hr. The air phase becarre turbulent independent of water 
flow rate at a mass flow rate of 17.2 lb./hr. 
[5] 
(6) 
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The bulk. water velocities presented in Appendix B were 
accurate within ± 10% providing the water depth was greater than 
0. 5 inch. At a median water depth of 0. 2 inch, the bulk. water 
velocity was cnly accurate to +25%. The bulk. air velocities were 
always accurate to within ±5% of the tJ::ue value. Velocity profiles 
in eadl phase were not rooasured, but theoretical soluticns for the 
profiles when each phase is in lcminar stratified flCM are 
available (38) • 
The wave velocities were treasured al<ng the 11. 35-inch dis-
tance be~ the frcnt and rear wave gages in the test section. 
Wave records were cbtained simultanea.ISly fran both gages. 
Individual wave velocities were calculated by matching these 
records one to the other and noting the time that elapsed as each 
particular wave traveled the 11.35 inches between the gages. At 
scrre (X)t'ldi tions, the surface stJ::uctm:e changes sufficiently in 
the distance between the gages that the two wave records could 
not be cxnfidently matched. Henoe, wave velocities were not 
reported at these c:ondi tions. At all conditions there was a 
distribution of cbserved wave velocities. These wave velocity 
dis tributicns were examined at two given flCM conditions and fotmd 
to be Gaussian distributicns . The dis tributions were, haNever, 
extremely narrCM-banded. The maximun spread in the range of wave 
velocities at any given ex>ndi tions was never nnre than 20% of the 
average wave velocity, and it was usually much l e ss. Only the 
aritllmetic average of the oose rved wave velocities is reported in 
this work. Each individual wave velocity could be rooaqured with 
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an accuracy of t2%. The arit:hrretic average wave velocities 
reported in Appendix B were almost always reprcxlucible to ±5%. 
Most of the deviation in these values was probably caused hy 
differenCEs and fluctuatiens in the air and water fla-~ rates. 
Ccnsidering the work as a whole, the most significant error 
was caused by the tmcnntrollable variaticns in the fla-~ rate of 
air during the rtm. The precise magnitude of the effects of the 
variation in air fla-~ rate could not be calculated. The effects 
were particularly significant when the interfaCE tDlderwent rapid 
alteraticns when the fla-~ rate of air was increased (or decreased) 
by a small iYinlnt. The precise detenninaticn of these transi ticn 
regions is ext:refrely important, and the relatively small varia-
liens in the fla-~ rate of air which were tolerated in this work 
accounted for most of the irreproducibility of results in tran-
si ticn regicns. Further work in systens of this sort W'CX.lld ben-
efit greatly by having an accurate and precise fla-~ controller 
en the air line. 
Interfacial Structure 
After the cx:;rnpletion of the cxmstruction of the apparatus, 
but before any detailed measurE!!'IeJlts of interfacial structure 
were taken, CErtain experi.roontal checks were made to asCErtain 
that the system was behaving s:iroi.larly to other systems whose 
results have been reported in the 1i terature. Fcur types of 
measUI:e!lellts were taken and ccrnpared to previously reported 
results: the measurE!!'IeJlt of the fla-~ rates of water and air at 
the initial fonnation of waves in the system, the measurement of 
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t:he pressure drop alcng the tube when air alene was fleMing through 
the system, the rreasurement of the pressure drop aleng the tube at 
flaK~ cx::ndi.tions rreasured by I3crqelin and Gazeley (4), and the 
rreasurement of interfacial height at certain flCM rates of water 
and air at a posi ticn rreasured by Berge lin and Gaze ley ( 4) • 
'!he pressure drop per rmi t tube length was rreasured for 
the system when air alene was fleMing at Ieynold' s ntlllbers in 
excess of 10,000. The rreasured frictien factors agreed to yo~ithin 
10 per cent of the values calculated by the use of the Blasius 
equaticn for turbulent flaK~ of Newtonian fluids in pipes. The 
points of initial wro~e fonnation in the system were rreasured and 
are reported in Table IV of Appendix B. These results are in 
satisfactory agreement with previously reported values for 
identical and similar systems ( 4, 14, 20, 33) • Table I presents 
the rreasured pressure drcp per unit length as rreasured between 
3 - 13 feet fran the free overfall and interfacial heiqhts 10 
feet fran the free OV'erfall for both this work and the work of 
Be.rgelin and Gazeley (4). Excellent agreement was obtained. 
The various wme types, or types of water surface level dis-
tributicn, noted in this work are shaK~n in Figure 1. Appendix B 
notes the wcwe distributicn that was observed at ead1 point at 
whid1 data were taken. 
The experirrental data d::>tained at a flaK~ rate of water of 
250 lb./hr. shCMed an undesirable i:'I1\0llnt of scatter, particularly 
between 30 to 70 lb./hr. flew rate of air. ~t of the varia-
tions in results fran cne rrm to another were believed caused 
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by variati.cns in the fla-t rate of water. 'Ihe fla-t rate of water 
could not be cx:ntmlled as accurately as desired at this la-~ fla-t 
rate. The water was in laninar fla-t, and at sene fla-t rates of 
air the interfacial structure seemed particularly sensitive to the 
fla-t rate of water. 
The median water depth at 250 lb./hr. of water is plotted 
in Figure 8. 'Ihe scatter of points for flCM rates of air less 
than 70 lb./hr. was greater than can be expected fran errors 
resulting fran the experiroontal tedmi.que. Sore other variable 
besides the fluid flCM rates appreciably affected the water depth 
at these cxmdi ti.ons. 'Ihi.s effect was noted before in similar 
work (39). Sene of this work indicated that the effects of salts 
and other impurities in the water en the viscosity and surfaoo 
tensicn may acccunt for these variations, but definite proof is 
not available. 
The curve drawn through the data in Figure 8 was po:;i ticned, 
like all other curves in this work, by eye and not by any m.mer-
ical technique such as least squares. 
'Ihe r.m.s. wave he ight at a fla-t rate of 250 lb./hr. of water 
is plotted in Figure 9. The data indicate an apparent decrease 
in wave height fran a flCM rate of air of 55 lb./hr. to a fla-t 
rate of air of 65 lb./hr. Such a decrease would be illCXJical 
and was not notiood to occur in any experi.mental run. Had two 
or IOC>re experimental runs each sha-m such a decrease in wave 
height, then it would have been considered ronfirm:rl and the 
line throogh the data would have reflected this decrease. No 
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two nms did, and the line through the data were cxmsidered best 
drawn as shewn. 
'!he wave frequency and the extrEma frequency at a flON rate 
of 250 lb./hr. of water are plotted in Figures 10 and 11, respec-
tively. It was difficult to draw a line through the data for 
wave frequencies when the flew rate of air was under 70 lb./hr., 
but the line was finally drawn to be similar to the line rep-
resenting the data for extrema frequency in this range. Sane 
da.Ibt must remain as to the validity of this line as a represen-
taticn of the wave frequency at these oc:ndi ticns. 
Figure 12 shONS vw at a flON rate of water of 250 lb./hr. 
as a fm1ction of flew rates of air. Between flON rates of 85 
and 165 lb./hr. of air the wave velocity could not be reliably 
detennined using the tedmique of matching waves on wave records 
fran different gages. A dashed line was drawn through this area 
to represent the probable wave velocities. 
The results for higher flON rates of water did not shaN the 
m1desirable scatter that dlaracterized the results at the floK~ 
rate of 250 lb./hr. of water. For a flow rate of 750 lb./hr. of 
water, the water depth is plotted versus air floK~ rate in Figure 
13. As was the case for a water flew rate of 250 lb./hr. , slug 
flew was not quite achieved. '!he r.m.s. wave heights, wave 
frequencies, extrena frequencies, and wave velocities at a floK~ 
rate of 750 lb./hr. of water are shewn in Figures 14, 15, 16, and 
17, respectively. 
'lhe line thra.tgh the data for wave frequency has four manges 
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in slq>e. Eadl dlange in slq:Je was observed for at least two 
nms, thereby ex>nfinning its existen~K Still, the points often 
shONed a greater deviaticn fran the line than was expected fran 
errors in the tedlnique. A close excrninaticn of the data shc:Med 
that this scatter resulted fran the fact that the points of inflec-
ticn did not occur at the sCine flc:M rate of air for eadl nm. 
'!he median water depth for a flc:M rate of 1250 lb./hr. of 
water is plotted in Figure 18. Slug flew was adlieved at a flc:M 
rate of 100 lb./hr. of air. '!he dlaracteristics of the interfa~­
-r .m.s. wave height, wave frequency, extrema frequency, and wave 
velocity-are plotted in Figures 19 through 22. A very drastic 
dlange in all interfacial paraneters occured at a flew rate of 
air of abalt 60 lb./hr. The flc:M rate of air at whidl this inter-
facial transi ticn occurred was not identical for both nms and 
differed by 4 lb./hr. of air. 
Water depth at a flc:M rate of water of 1750 lb./hr. is plotted 
in Figure 23. '!he cnset of slug flc:M was different for the two 
nms. Slug flew did not begin during nm 16 until the flc:M rate 
of air was 69 lb./hr. During nm 18, however, the flew rate of 
air was increased mudl more rapidly than in nm 16 and slug flc:M 
first occurred at a flc:M rate of air of 60 lb./hr. When the flc:M 
rate of air was then decreased srnewhat during run 18 and the 
system alla-led to stabilize, the flew rate of air ca.1ld be slc:Mly 
increased to 68 lb./hr. before slug flew began. 'lhe data en the 
interfacial dlaracteristics are plotted in Figures 24 thiU..lgh 27. 
'!he data for wave frequency shc:M scatter near the onset of slug 
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flc:::M. This scatter is related to the differenCEs in the flaK~ 
a:mdi tions whidl caused the differenCEs in the cnset of slug 
flow. 
Figures 28 thra.tgh 33, inclusive, sl.mTlarize the result.c; 
for all flCM rates of water. Individual rx:>ints are not sha-m, 
<nly the lines drawn t:.hrnlgh the data. Figure 28 sho,.m the 
water depths at all the a:mdi ticns investigated in this work. 
'Ihe r.m.s. wave heights are shCMn in Figure 29. All four curves 
in Figure 29 have a similar shape-- an initial increase in wave 
height with increasing air flCM, then sanewhat of a plateau, then 
a steep rise and yet another plateau, and then, exCEpt for a flow 
rate of 1750 lb./hr. of water, a final steep rise in wave height 
with increasing air flCM rates. 
Wave frequencies are shCMn in Figure 30, and extrema fre-
quencies are shCMn in Figure 31. At any flCM rate of water, the 
wave frequency auve and the extrema frequency curve had mudl 
the sane shape. In addi ticn, all of the wave frequency and 
extrema frequency curves sh~ a definite peak between flow rates 
of 20 and 70 lb. ,lhr. of air. 
'!he correlation coefficient, c, has not been plotted because 
it may be derived fran the wave frequency and extrema frequency 
whidl are plotted. Nttnerical values of the correlaticn CX)effi-
cient are, however, presented in Appendix B. 'lhe absolute 
magnibXle of c, t.Jhidl is a negative nunber, tended to decrease 
with increasing water flCM rate and with increasing air flaK~ 
rate. Except at a flow rate of 1750 lb./hr. water, this decrease 
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becare quite rapid as slug flow is approached. 
'nle arithmetic average wave velocities are shown in Fiqure 
32. '!he curves were not particularly similar to cne another, 
except that the wave veloci tics tended to increase with increasing 
flow rates of water and air. 
'!he varia.ts types of water surface distributions, or wave 
types, that were noticed in this wor!< were described and labeled 
in Figure 1. Appendix B presents the distribution ::>resent at each 
data point. In Figure 33 are shc:Mn the regions in which eadl 
type of water surface distribution was noted. A Gaussian surface 
distributirn was not present over roost of the cx:mditiCDS inves-
tigated. '!he small regions at flow rates of 250 and 1250 lb./hr. 
of water for whidl no distributicn is reported ca.tld not be 
reliably investigated with resistance wave gages. The region at 
a flow rate of 1750 lb./hr. of water for whidl no distribution is 
reported was investigated, but no single surface distribution 
cnJld be reliably designated as present in this region. 
At sane flow conditions, an experienced observer could 
have detennined fran visual excrninaticn of the water surface 
that the surface distribution function was nan-Gaussian. '!he 
visual appearance of the water surface in a similar system was 
by Zegel (39) • His descriptirns of the visually-d:>served wave 
patterns was applicable to this work also. The first waves to 
appear an the water surface were small, two-dirrensional waves 
extending fran wall to wall. In Appendix B, these waves are 
labeled visual type A. As the air flow rate increased, these 
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small, two-dimensicnal waves transfonted rather suddenly to 
large, two-di.rrensicnal waves with capillary wave trains on the 
wave slopes both fore and aft of the wave crest. In Appendix B, 
these waves are labeled visual type B. As the air flow rate 
increased, these visual type n waves began to break dcwn into 
three--d.ilrensicnal waves. Gradually the type B waves were present 
less and less frequently t.mtil at sme air flow rate cnly three-
diloonsional waves were present on the surfare. At this point the 
surfare was classified as having visual type C waves, three-
diloonsicnal waves cnly, en its surface. Table V of ~dix B 
delineates the bamdaries of ead1 of these visual wave types. 
When the wave type was predaninately the visual type B 
waves, the surf are distribution functicn was ncn-Gaussian. !my 
experienred observer CCA.lld have satisfied himself of this fact 
by visual d:>servation of the water surfare because the surface 
possessed too regular a wave pattern to result in a Gaussian 
distribution for the surface level. Sud1 an observer could also 
have determined the surfaae distribution was ncn-Gaussian at flow 
rates of air slightly less than that necessary to achieve slug 
flow in the systen. At these flow rates of air visual type C 
(three-cli.m:msicnal) waves were present, but occasionally a very, 
very large two-dimensicnal or three-dimensicnal wave was present 
en the surfaae. (At slightly higher air flow rates, of course, 
<ne of these waves would devel~ into a liquid slug and the 
systen would enter slug flow.) An experienred cbserver 'WOUld 
note that these very large waves occurred far too frequently to 
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allCM the surfa~ distrihuticn to be represented by a Gaussian 
distribution functia1. In fact, the surfa~ level distribution 
lodced much like the distribution shCMn and approximated by a 
Gaussian straight line in Figure 7. 
A dimensicnal analysis of the flCM of thin liquid films (12) 
has shCMn that the prq.Jerties of film flCM may be characterized 
by the Reynold's nunber of ead1 phase, the liquid Weber nunber and 
Froude nunber, a dirrensicnless shear at the free surfa~I and the 
wave frequency, wave length, and wave height. Although the water 
did not flCM in a thin film in this work, the scrre parcrreters 
shculd affect the flCM in this systen. In order to detennine 
prcperly the relatia1Ship of each of these <'lim::msionless parameters 
to the flCM dlaracteristics in systems similar to this one, a 
great nunber of rreasw:anents would have to be ma:ie. 'lhe data 
fran this work were presented graphically as functions of air 
and water flCM rates. Plots were prepared shCMing the interfacial 
dlaracteristics as functions of fluid velocities, fluid Feynold' s 
nunbers, and liquid Frcude nmlbers. No apparent advantage was 
found in presenting the data in the latter fashions, so the data 
were presented graphically in their most untramreled fonn to 
facilitate the formulation of a Irental ccmprehensicn of the 
l_:hysical characteristics of the systan. 
'!he quantitative results of this work were not adequately 
described by any theory on the dlaracteristics of waves in the 
literature. Even a glan~ at Figures 28 t:hrcuJh 33 indicates 
that several roochanisms of wave formation and propagatic:n must be 
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present in this system to account for the results. SUrveys of 
wave theories are available for deep water waves and for waves 
en shallew liquid films (12, 24, 36). 
An adequate first appradmatian to the relationship bebJeen 
the experirrental values for wavelengths and wave velocity at 
wave inception is provided by classical deep-water wave theory. 
'lbi.s theory, valid only for water depths rruch greater than 
wavelengths, states that the relationship beb>Jeen maxi.nun water 
depth in the tube, wavelength, and wave velocity is given by 
v. = w 
J - O1f<g~ gh+ --
AP 2. 
'lhe experirrental data for selected cx:mdi tions presented in 
Tables III and IV shew that this system was in a regicn in 
which the wavelengths were the s~ order of magnittx'3e as, but 
sc:rteolhat larger than, the maximum water depth in the tube. '!his 
was a transition region insofar as theoretical c:xnsideraticns are 
cr.ncerned, and most theories cannot be expected to apply in 
this regicn. As Table II shows, hCMever, equation {7] quite 
accurately predicts wave velocity at wave inception when the 
water depth and wavelength are kncwn. Wavelength need not be 
kncwn very accurately since the term in which it appears is 
relatively small. 
Equation {7] failed, hCMever, to give reliable values for 
wave velocities for oondi ticns :rerroved fran the region of wave 
inception. 'Ihe equation did predict that for a given flew rate 
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of air, the wave veloci. ty increased as the flow rate of water 
increased, as was generally chserved in this work. '!he equatiO'l 
also preducted that for a given flow rate of water the wave veloc-
ity decreased as the air flow rate increased,which was not the 
cbserved case. The reasa\ the classical deep-water theory 
becunes TOC>re errcneous, of course, is that it neglects the 
effects of shear en the air-water interface. 'lhese effects are 
small for relatively low flow rates of air, but beoare increas-
ingly larger as the flow rate of air increases. At the highest 
flow rates of air investigated in this work for a given fla.; 
rate of water, the predicted wave veloci. ties presented in Table 
II are cnly about half the actually rreasured wave velocities. 
A m.nber of theories proposed for wavy flow of thin films 
are available in the literature (12), and selected results fran 
several of them were applied to the data of this work. '!he 
theory of Kapitsa, applicable for laminar, two-dinensiO'lal 
wavy flow da.m inclined slcpes, predicts that the ratio vw/v 2. 
is a cx:nstant equal to 3.0. '!he theory of Benjamin, also for 
laninar, two-dinensiooal flow da.m inclined slopes, predicts 
the ratio to be 2 .4. The experirrental results for this system 
at selected conditions are presented in Table II • At wave incep-
. 
ticn, except for m1 = 250 lb./hr. (laninar water flow), the ratio 
of the wave velocity to the bulk water velocity was abalt 3. 0. 
'!he value of this ratio decreases as the gas flow rates increases. 
'lhus the theory of Kapi tsa seems to give more applicable results 
to this system, although the theory is based en assunpticns 
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clearly at crlds with the actual physical processes occuring in 
the system used in this \«)rk. The decrease of v~1 as leg 
increased has been noted in other works involving thin liquid 
films (12) • 
'!he depth of the water in the tube was c:x:mpared to the 
predictions of lani.nar, two-dimensional film theory to determine 
what similarities, if any, existed between the results in this 
system and predicted results for thin films. Fran Xapitsa's 
work for inclined dlarmels canes the relatioo 
h = 1.34 E~1 DF 2/3 (Rei.) 1/3 (g-sin e) 1/3 s;; --4--
in which e is the angle of inclinatioo as measured fran the 
horizootal. Inasrrudl as the work done in this thesis was with 
a horizootal system, the equation al::>ove was replaced with the 
similar expressico 
in which ex is an empirical cxmstant. Table III presents the 
results of determining ex fran experim:mtal data at wave fonna-
tion for each given flow rate of water and at the highest flow 
rate of air for ead1 given fla.v" rate of water. As can be seen, 
ooly at high flav rates of water did ex beccrne relatively cxmstant 
0\.Ter all ooserved flow rates of air. a: becane more constant 
over a given range of flav rates of air as the fla.r rates of 
water increased. Fitting equation {B] to the experi.rrental data 
and allcwing e to beCCil'e an empirical constant ( an "effective 
angle of inclinatico") resulted in the e values presented in 
[8) 
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Table III. '!hey are extremely small values and vary considerably. 
Clearly these results of the Kapitsa theory are not particularly 
applicable to this work, presumably largely because of the neqlect 
of interfacial shear effects. a: may be made 100re cxnstant, but 
still not adequate, by correcting a: using Peg· 
Another results of laninar, two-dirnensicnal thin film wave 
theory which was presented by Koncbeev (12) relates the wavelength 
to the wave velocity, liquid velocity, and the depth of the liquid 
phase (U). '!he general expression is 
ll/2 (Vw - 8) Vt 
in which e is an empirical cxnstant. values of e in thin film 
fl<:M have been found to range fran 0.67 to 0.9 (12). Iewriting 
equaticn [ 10) using e = 0. 9 gives 
2n ~M OK h 
A = V 2. p (Vw -1) 
11, Vt J 
1/2 
Vw (-- 0.9) 
Vi 
Fran experi.rrentally measured values of v 1 , Vw, and h, A was cal-
culated fran equation (11) and c:x:npn:ed to the experimentally 
measured results. '!be ~isons are shown in Table IV. The 
[10] 
[11] 
calculated wavelengths were invariably lower than the experi.!oontally 
measured wavelengths, the 1ifference becani.ng greater as the flGI 
rate of water increased and as the fJ..a.r rate of air increased. For 
a given flGI rate of water, equation {11] predicted A to decrease 
as the flGI rate of air increased, and the opposite is the case. 
'llie results of fitting equaticn [10) to the experimental data by 
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letting B be an empirical cxnstant are presented in Table IV also. 
'Ihe results are not encouraging. 'Ihus equation [10], with any 
o:nstant value of a, does not fit these experi.roontal results 
particularly well. 
Althou:Jh no cne theory was found here to fit the results 
of this experi.roontal work very well, it should be emphasized 
that the ccrrpariscns with theories were very fragnentary and 
can cnly be <XnSidered preliminary in nature. Further work al<ng 
these lines should definitely be dcne. 
Initial wave Fm:mation 
'!he regicns of initial wave fonnation are sham in Figure 
33. Table IV of appendix B lists the values of the d.i..nensionless 
parc.rreters of interest at wave inrepticn. The Frc:u3e n\.Jllber was 
calculated accx:>rding to 
-2 
Fr = vl 
gh 
and the Weber nunber acex>rding to 
v 2 p h 
~1e = 1 1 
(J 
gc 1 
'!he visually detennined onset of waves in this system was in 
agreement with prior work (14, 34). These initial waves were 
capillary dist:w:banres. 
'1he wavelengths and wave velocities in the zone of initial 
wave fonnation could not be rooasured with the resistanre wave 
{121 
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gages. Nonetheless, if the experinentally measured wavelengths 
and wave velocities are extrapolated to the 2X:ll'le of initial wave 
fonnation, there is an approximate agreement beb.1een the exper-
imental values of >., vw, and v g at wave formation and the values 
predicted by Jeffrey's sheltering theory (16, 20). At wave 
inception, Jeffrey's analysis predicts that the air velocity 
is 42 in./sec., the wave length is 3.2 inches, and the wave 
velocity is 14 in./sec. 'nle experimentally measured air veloci-
ties range fran 39 to B4 in./sec. The extrapolated wave lengths 
ranqe fran 1.25 to 3.2 indles, and the extrapolated wave velocities 
range fran 15 to 19 in./sec. Not too nuch credence can be placed 
en this agxearent, however, because of the 'Neakness of the extra-
polations. 
For c:xncurrent flCM of air and water in a horizcntal tube of 2-
inch I .D., investigaticns into phencmana in the regions of flow re-
moved fran the entrance and exit lengths were carried out using the 
experimental system described in this work. The resistance wave 
gages described in this work may be used to measure wave struc-
ture in isothennal systerrs in which the r .m. s. wave height is 
greater than 0.002 inch. and the bulk liquid velocity is less 
than about 24 in./sec. Resistance wave gages may be used in 
certain IXll'l-isothe.rmal systems provided the gages are t:.elrperature-
oarpensated as described in~ A. 
For isot:hennal, concurrent flaY of air and water in a horizcntal 
tube of 2-indl I .D., the surface d1aracteristics in the sections of 
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tl:be remJVed fran the entranoo and exit lengths are described by 
Figures 28 t:.hrcuJh 33. R.M.S. wave heights increased as the flow 
rate of air increased. 'l11e max.i.nun cbserved wave height was 0.10 
inch. Wave frequencies ranged fran 8 cycles/sec. to 28 cycles/sec. 
At most CX>ndi ticns the observed wave f;requenci.es were fran 8 to 14 
cycles/sec. Chserved extrena frequency ranged fran 10 cycles/sec. 
to 46 cycles/sec. Generally the extrema frequency was between 
11 to 25 cycles/sec. Experi.Jrentally neasured wave velocities 
ranged fran 11 to 28 inches/sec. A noteworthy feature of Figures 
29 t:lu"algh 32 is the nunber of tines the lines change directia'l. 
'lhe results Su;Jgest that several mechanisms of wave folllla-
tia'l and prqxtgatia'l occurred tmder the ocndi ticns investigated 
in this work. As Figure 33 points ait, the surfaoo structure of 
the water was not generally adequately represented as a stationary 
Gaussian proooss in this system. Work in t:wo-dim:msicnal systems 
(11, 25, 27) has su:JgeSt.ed that sane of the deviation was caused 
by the relatively shallaN water depth in relation to the wave 
heights. Most of the deviatia1, hcwever, was caused by the tube 
ge<:::tOOtry and the very large interfacial shear stresses at high 
air flaN rates. 'lhe substantial influenoo of the tube gearetry 
negates the application of any two-dimensional work, experi.Jrental 
or theoretical, to systems similar to the cne used in this work. 
No wave theories were fatmd which adequately explained the ex-
peri.Jrental results of this work. 
RE<XM1ENDATIONS FOR FURIHER tg~ 
FUrther experi.rrental work with this type of system may follow 
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the path of develcpemnt of the study of the interface and its 
effects in similar t:wo-dirtensional syst:ens. Veloci. ty profiles 
and pressure c1rq:ls may be measured to cbtain interfacial frictia1 
factors. The use of different fluids would pennit the exani.natia1 
of the effects of the Iitysical properties of fluids in a system 
of this type. Tests indicate that if resistance wave gages are 
to be used to detemd.ne the interfacial characteristics, the 
liquid must have a cxnducti vi ty at least equal to t~at of distilled 
water. Liquids which were found to satisfy this cri teria1 in sore 
laboratory tests were water-glycerine solutions and higher-molecular-
weight alcchols, such as ethylene glycol and diethylene glycol, 
which had a small ancunt of salt dissolved in them. '111e effect 
of gecmatry on such a system may be elucidated by varying the 
tube diareter and using differently shaped channels. 
After the att.ai.nrrent of additicnal experimental data, a 
logical step wc:uld be the ocmparison of all experimental results 
to the many theories advanced in the literature to explain wave 
Iitenarena and interfacial stability. O'lly the barest beginnings 
of such -work have been dcne here. '!he generation of new theories 
may be necessary shculd available theories prove inadequate. 
In a recent and worthwhile survey of flow and transfer at 
fluid interfaces, Scriven (35) raised an cbjectia1 to the study 
of fluid interfaces by means of statistical distribution f\mctions 
to the neglect of the study of the behavior of individual fluid 
elements at the interface. His contention was that a true rmder-
standing of the interfare may be better achieved in many situations 
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by the study of individual fluid elements near the interfare. This 
work indicated that Sc:rlven •s ocntenticn is a valid ale. The sur-
fare distribution of water-air interfaces studied in this work 
displayed a nutber of deviations fran a Gaussian distriootion, and 
the wave parcwneters--wave heights, frequencies, and velocities-
behaved very strangely and unexpectly. The nature of these 
results sUJgests that while the statistical study of fluid-fluid 
interfares in systems similar to that used in this work may re-
sult in saoo useful engineering ex>rrelations, it is not likely 
to result in a true understanding of the interfacial phencne1a 
involved. Sudl an understncrling will prd::>ably be adlieved cnly 
by the experimental and theoretical study of individual fluid 
elements at the interf~K If this approadl is ne<:essary, sudl 
an understanding i s probably in the distant future. 
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~DlDrm 
c Correlaticn CXJeffici.ent, f 0 ,f1 
D '1\lbe dicrneter 
f Frequency 
fo Wave frequency at h 
f1 Extrema frequency of water surface 
Fr Fralde nurrber 
h Instantaneous liquid height 
h • Fluctuating conponent of liquid height 
h Tilre-average liquid height 
M1 R.M.S. wave height 
m Mass fla-~ rate 
Re Reynold's number 
S Wetted perimeter 
t T:in'e 
v Ari thr'retic average velocity 
v Bulk average V'eloci. ty 
w Frequency spect.run 
We Weber nunher 
o Surfare tension 
.\ Wavelength 
ll Viscosity 
p Dansity 
SUBSCRIPTS 
g Gas 
1 Liquid 
w Wave 
-192-
BIBLIOGRAPHY 
1. Anderson, J. D., et al. ~- !· Ch. ~- ~-I 10, 640 (1964). 
2. Amerson, R. J. arrl Russell, T. w. F. Chern. ~-
a. Part I. 61, 139 (Decerrber 6, 1965). 
b. Part II. 61, 99 (Dec'E!frt)er 20, 1965). 
c. Part III. 62, 87 (January 3, 1966). 
3. Ball, John C'.ordon. Ph. D. 'lhesis, university of Texas (1965). 
4. Bergelin, 0. P. , and Gazeley, carl. "Heat Transfer and Fluid 
Mechanics Institute," S (1949). 
S. Bloan, William G. th:iergraduate Olemi.cal Engineering Research 
aeport, california Institute of Technology (1968) • 
6. Bollinger, R. E. Master of Ch. E. 'thesis, university of Delaware (1960). 
7. Olan, Wing-<lleng. Ph.D. Thesis, university of Minnesota (1964). 
8. Chang, F. w. and Dukler, A. E. Int. ~- Heat Mass Transfer, l, 
1395 (1964). 
9. 
10. 
11. 
12. 
13. 
Cohen, L. s. and Hanratty, T. J. A. !• Ch. ~· ~·f 
Cohen, L. s. and Hanratty, T. J. J. Fluid Mech., 
Chhen, L. s. Ph.D. Thesis, university of Illinois 
Fulford, G. D. Adv. in Chern. ~-I 5, 151 (1964). 
Gazeley, carL "Heat Transfer and Fluid Mechanics 
29 (1949). 
12, 290 (1966). 
31, 467 (1968). 
(1964). 
Institute,,, 
14. Gouse, s. w. "An Introduction to '1\.lo-Phase Gas-Liquid Flow." 
Engineering Products Laboratory, M.I.T. (June 1964). Teport 
No. DSR 8734- 3. ADNo. 603659. 
-193-
15. Ga.lse, s. Willian. "An Index to the '1\o.lo-Phase Gas-Liquid Flew 
Literat::ure," Engineering Products Laboratory, M.I.T. 
a. Part I. (May, 1963). DSR No. 8734-1 AD No. 411512. 
b. Part II. (Septanber, 1964). OOR No. 8734-4 
c. Part III. (January, 1966). DSR No. 8734-6. 
16. Hanratty, T. J. and Engen, J. M. ~· !_. Ch. ~· g_., l, 299 (1957). 
17. Helfinstein, R. A. Ph.D. 'Ihesis, Purdue University (1967). 
18. Hershman, A. Ph.D. 'Ihesis, University of Illinois (1958). 
19. HoogenCborn, c. J. Chern. Eng. Sci., 2_, 205 (1959). 
20. Jeffreys, Harold. Proc. Ray Soc. Lend. ~·I 107, 189 (1925) • 
21. Jenkins, R. M.S. 'lhesis, University of Delaware (1947). 
22 • Kinsman, Blair. "Wind Waves, Their GeneratiCI'l and Propagation 
en the Oc:ean Surfare," Prentire-Hall, Englewood Cliffs, New 
Jersey (1965). 
23. Kordyban, E. S. and Ranov, T. A. S. M. E. M.llti-Phase Fluid Flew 
Symposium, (November, 1963). 
24. I.anb, Horare, "Hydrodynanics," Sixth Edition, Dover, New York (1932). 
25. Lilleleht, L. V. and Hanratty, T. J. J. Fluid ~eftKI 11, 65 (1961). 
26. Lilleleht, L. V. and Hanratty, T. J. A. !_. Ch. ~· g_., ?_, 
548 (1961) • 
27. Lilleleht, L. v. Ph.D. Thesis, th1iversity of Illinois (1961). 
28. Lu, Hsiang Sung. Ph.D. Thesis, University of Ok.lahana (1965). 
29 • Pierson, W. J. "Adv. in Geophysics , " Vol. 2 , Academic Press , 
New York (1955) • 
30. Putz, R. R. Proc. 4th <bnf. en o:>astal Eng., p. 13, Colmcil of 
Wave Ieseardl, University of california, Berkeley (1954). 
-194-
31. Raich1en, Fredric. "Wave-Induced Oscillations of Small f.b:lred 
Vessels." Keele Laboratory, caltech, Report No. KH-R-10 (1965). 
32. Rice, s. 0. Hell System Tech. Jour., 23,282 (1944) ar¥3 24, 
46 (1945). 
33. Ruckenstein, F.. ar¥3 Berbente, c. Chern. ~- Sci., 20, 795 (1965). 
34. Scott, D. S. M.v. in Chern. ~·I !• 199 (1963). 
35. Scriven, L. E. Chern. ~· Ed., ~D 150 (1968) • 
36. Ursell, F. "SUrveys in Mechanics," Cambridge university Press, 
cambridge (1956). 
37. van R:>ssum, J. J. Chern. ~· Sci., 11, 35 (1959). 
33. Yu, H. S. arrl Sparra..ol, E. M. A. I. Ch. ~· ;!_., 13, 10 (1967). 
39. Zegel, William case. Sc.D. Thesis, Stevens Institute of 
Technology (1965). 
i 
-195-
GAUSSIAN TYPE I 
TYPE 1I TYPE m 
TYPE Ill. TYPE 1r 
- 50°/o 
ORDINATE IS LIQUID SURFACE HEIGHT 
ABSCISSA IS 0/o OF TIME SURFACE IS ABOVE 
THAT HEIGHT (HIGHER 0/o TOWARDS LEFT) 
FIGURE 1. Probability Graph Plots of Liquid Surface Level Dis-
tributions 
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FIGURE 5. Resis tance Wave Gag es 
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Table I. Canparison Data 
Pressure Drop 
. . 
mt mg 6p this work lip of reference 4 
(lb. m/hr.) ( lb • m,lhr. ) lb.f/ft. 2/ft. lb.f/ft.:l /ft . 
750 29 0.011 0.0105 
750 63 0.053 0.052 
1500 34 0.035 0.030 
t 
1500 60 0.089 0.082 
2500 35 0.072 0.065 
Interfacial Height 10 feet fran Free OVerfall 
. . 
mt Ing h this work h of referenre 4 
(lb. m/hr .) (lb. m/hr.) (inches) (indies) 
250 0 0.49 0.44 
250 21 0.46 0.43 
250 59 0.33 0.29 
250 0 0.75 0.75 
750 19 0.74 0.72 
750 59 0.57 0.60 
1250 0 1.00 0.92 
1250 23 0.94 0.88 
1250 60 o. 72 0.73 
1750 0 1.15 1.10 
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Table II. Q::mpariscn with Deep Water Wave 'lheory 
. . 
m,t mg Vw/V.t Vw Vw fran eqn • [7] 
(lb./hr.) (lb./hr.) (in./sec.) (in./sec.) 
250 32 5.4 15 15.5 
250 180 1.5 23 10 
750 22 3.5 18 18 
750 150 1.5 29 11 
1250 13 2.6 15 20.5 
1250 100 1.9 25 15 
1750 6.5 3.0 19 22 
1750 70 1.9 27 16 
-230-
Table III • Cc:rnpariscn with Predicted Film 'lhicknesses 
. . 
ffi.R,. m n «in ein 
(lb./hr.) (lb./hr.) (indles) eqn. [9) eqn. [B) 
radian/vo5 
250 32 0.54 43.8 2.87 
250 180 0.14 6.06 1090 
750 22 0.76 44.9 2.68 
750 150 0.34 16.1 57 
1250 13 1.03 53.4 1.59 
1250 100 0.57 29.1 9.65 
1750 6.5 1.23 58.4 1.20 
1750 70 0.70 45.6 2.53 
-231-
Table IV. O::mpariscn with Predicted Wavelengths 
. . 
m ffig A A fran B in (lb .;hr.) (lb./hr.) (inches) eqn. [11] eqn. [10] (inches) 
250 32 1.25 0.8 3.6 
250 140 0.64 0.71 1.11 
250 180 1.3 0.6 0.34 
750 22 2.0 0.9 3.0 
750 150 2.2 0.7 1.44 
1250 13 2.0 1.4 1.8 
1250 100 3.5 0.6 1.87 
1750 6.5 3.2 1.1 2.76 
1750 70 4.5 0.8 1.87 
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APPENDIX A 
TEMPERA'IURE-<D1PENSATED RESIST.Al'CE WAVE GAGE 
A resistance wave gage is one of the nost sensitive devices 
for the measurement of liquid depths and interfacial wave charac-
teristics. ~ sud\ resistance wave gage in a closed tube is slv.m 
in Figure 5 of the body of this 'WOrk. The b.1o wires are connected 
to a constant voltage 'Pte. power source. ~en a cx:>nducting liquid, 
such as water, is in the tuhe electric current will flCM between 
the b.1o wires through the liquid. The arrount of current fleMing 
is a function of the depth of the liquid between the wires. With 
the prqler electronics, the relationship between current and 
liquid depth and/or changes in liquid depth may be determined by 
calibration. Then the current flowing between the wires during 
a test nm may be recorded graphically and cx:>nverted into liquid 
heights by use of the calibration data. 
'Ihe current fleMing between the wires is a function of the 
resistance of the liquid between the bolo wires. This resistance 
is a strong ftmction of terrperature, so resistance wave gages 
have been used up tD now only for rreasurements in isothermal systems. 
In isothermal systems the current flowing between the wires varies 
only as the liquid depth varies. In ncnisothennal systems, the 
current varies both as the liquid depth between the wires changes 
and as the liquid tenperature in the vicinity of the wires varies. 
By placing bolo resistance wave gages into the liquid, it is possible 
under certain circumstances to renove the tenperature deperrlence 
of the signal output of one of the wave gages. 
-233-
The circuit diagram for a resistance wave ga<Je is shown in 
Figure 6 of the body of this \o.Ork. 'lb renove the variations of the 
signal to the current recorder caused by changes in the t.enperature 
of the liquid, one inserts a rmdified resistance wave gage into 
the liquid as closely as feasible to the first. This 5eOCXld rrod-
ified gage is sl'xJwn sdlematically in Figure 1 of this appendix. 
This figure shows the circuit diagram for the t.eftt:>erature-cxnpen-
sated resistance wave gage. '11'\e use of the t.enperature-oc:rrpensated 
resistance wave gac:Je not cnly enables a1e to determine liquid 
depths and wave structures in a liquid with a varying t:a'rperature 
field, but also enables one to obtain these results when the 
liquid is at a tenperature different fran that u.c;ed for the cali-
bration of the wave gages. 
The secxn::l resistance wave gage, 'Shown schematically in Figure 
1 of this appendix, nust be rrodified sarewhat fran the primary gage 
slnwn in Figure 5 of the l:xx1y of this \«>rk. The second gac:Je must 
have the two stainless steel wires insulated ~ut the gas 
phase to a point which is just below the liquid interface arrl 
into the liquid phase. The effect of this insulation is to 
prevent the resistance across the seaJnd gage fran varying with 
the changes in liquid depth. Since this rmdified gage now does 
rx>t rx>tice any height changes o f the liquid, its resistance varies 
only with the changing tetperature of the liquid. Tre fact that 
the insulated portions of the two wires JTOJ.St ext.erxl to a point only 
slightly below the liquid surface limits the usefulness of this 
technique. When there is rx>t a sharp tetperature gradient at the 
-23t1-
liquid surface and the total liquid depth is relatively ex>nstant, 
the positioning of the insulated portions of the wires relative 
to the interfaoe is not critical and should be easily done. 
When there is a sharp tenperature gradient at the interface or 
there is such strong wavy rrotion at the interface that the total 
depth of the liquid varies appreciably, then the positioning of the 
insulated portions of the wires is critical and probably will be 
difficult to acc:x:rrplish. Because of the wide range of application 
of resistance wave gages, the applicability of this t:.e!rperature-
c::arpensated wave gaqe must be determined individually for each 
exper:inental situation. 
'Ib detennine the effectiveness of the terrperature cx:rrpensation, 
two resistance wave gages, each one identical to the gages dis-
cussed in the Cody of this \o.Ork, were cxmstructed 1/4 inch apart 
in a 2-inch segment of Lucite tube. 'Ihese gages were used with 
the Sanborn electronics equi~t also described in the body of 
the work. Two tests, tests A and B, were oonduct.ed in which this 
test section was placed in a container of heated tap water. With 
only one gage connected into the circuit, the water was allCM!ed 
to cool and the resultant changes in output signal fran the gage 
recorded. By use of calibration cw:ves, this record was analyzed 
to detennine the apparent change in water depth caused by the change 
in water terrperature. The results are shown in Figure 2. Next, 
two nms were made in an identical fashion except that rv:::M both 
gages were connected as is shown in Figure 1. 
these two nms are also plotted in Figure 3. 
'!he results of 
'!be experi.Jrental 
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errors are such that all but two of the points of tests A and B 
may be considered as lying a1 the line drawn through the points 
and all rut one of the points of tests c and D may be considered 
as lying on the oorizantal line at zero change in apparent water 
depth. The results show clearly that a resistance wave gage 
may be corrected to renove the effects of terrperature change 
on the wave gage output signal when the liquid is at the standard 
calibration depth. 
Although a resistance wave gage may be cx:xrpensated so that 
changes in the terrperature field of a liquid do not result in 
changes in the recorded signal of a wave gage (provided the 
height of liquid on the gage wires remains at the st.andard value 
dx>sen for zero indicator deffection) the wave gage calibration 
curve with which one c:nwerts measured currents, and hence 
indicator deffections, into liquid heights and height changes is 
a function of terrperature. At any terrperature, the magni bXie 
of the change in current through a wave gage for a unit change 
in the depth of the liquid is directly prqx>rtianal to the 
resistivity of the liquid at the tenperature involved. Because 
the resistivity of a liquid is a function of t:enperature, the 
magni. t00e of the current dlange, and hence the rnagni tude of the 
deflection of the current recorder indicator, per unit height 
change is a function of t:arperature. For tap water, Figure 3 
illustrates the sensitivity of a wave gage as a function of 
the water terrperature. Because of this effect, accurate measure-
ments of liquid heights and wave structures using terrperature-
-236-
cx:rrpen.sated resistance wave gages does necessitate krx::Ming how 
the resistivity of the liquid changes with tefTl:lerature and what 
the recorder irxllcator deflection is per unit height change 
of liquid at the t.enperature of the liquid. 
-237-
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20 30 40 50 60 
WATER TEMPERATURE (°C) 
FIGURE 3. Water Temperature Effects o n Wave 
Gage Calibration 
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APPENDIX B 
EXPERIMENl'AL 01\TA 
The follod.ng five tables present the nmeE"i4:al values for 
all the experimental data obtained in this work. 
The Reynolds nurbers for water and air were calculated based 
upon the cross-sectional area of the phase of interest, not based 
upon the cross-sectional area of the luci te tubes. The results 
for wave type refer to the type of interfacial structure. Figure 
1 of the body of this work labels the types of interfacial struc-
ture which are of interest tx:> this work. "G" refers to the 
Gaussian distrih.ttion. 
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TABLE I. EXPERIMENTAL DATA IN WAVY FLOW 
--- f fl m1 m. - 0 RUN g h flh flh/h cycles/ cycles/ II (lb/hr) (lb/hr) (inches) (inches) c 
sec sec 
-'---
4 250 42.7 0.57 0.00175 0.0032 12.6 17.6 -0.72 
4 250 56.5 0.50 0.0091 0.0182 10.6 16.1 -0.66 
4 250 70.0 0.45 - - 10.0 16.6 -0.60 
4 250 82.5 0.40 0.0105 0.0213 12.8 19.3 -0.67 
5 250 63.0 0.44 0.0082 0.0186 9.7 13.6 -0.71 
5 250 63.0 0.44 0.0082 0.0186 11.5 17.2 -0.67 
5 250 79.5 0.39 0.0098 0.0252 14.0 20.6 -0.77 5 
5 250 llO.O 0.31 0.0116 0.0375 17.9 27.2 -0.655 
5 250 113.0 0.30 0.0136 0.045 17.2 26.9 -0.64 
5 250 118.0 0.30 0.0164 0.055 23.6 35.2 -0.67 
5 250 136.0 0.25 0.0162 0.065 27.3 40.5 -0.70 
5 250 157.0 0.20 0.0158 0.079 23.8 39.0 -0.61 
5 250 175.0 0.19 0.02ll O.ll2 18.8 33.1 -0.57 
7 250 49.5 0.49 0.0046 0.0091 14.0 22.3 -0.63 
7 250 55.2 0.47 0.0084 0.0179 15.0 22.2 -0.67 
8 250 36.0 0.44 0.0004 0.0009 12.7 17.1 -0.74 
8 250 36.0 0.44 0.0007 0.0015 17.1 19.1 -0.895 
8 250 48.5 0.44 0.0040 0.0092 16.9 19.3 -0.88 
8 250 50.0 0.44 0.0037 0.0085 17.7 21.0 -0.84 
8 250 55.7 0.44 0.0096 0.0218 19.2 25.2 -0.76 
8 250 55.7 0.44 0.0086 0.0196 16.7 24. 5 -0.68 
17 250 40.6 0.47 0.0031 0.0066 17.9 24.9 -0.72 
17 250 45.3 0.46 0.0034 0.0074 11.75 18.45 - 0.64 
17 250 51.5 0.44 0.0066 0.0150 15.8 25.8 -0.61 
17 250 59.5 0.42 0.0063 0.0150 14.35 24.2 -0.595 
17 250 66.0 0.38 0.0057 0.0151 14.4 24.9 -0.58 
17 250 101.0 0.30 O.OllO 0.0367 19.5 28.2 -0.69 
17 250 128.0 0.26 0.016 0.0615 24.1 35.8 -0.68 
17 250 147.0 0.21 0.0168 0.080 26.3 45.2 -0.58 
17 250 166.0 0.17 0.0174 0.102 22.5 41.9 -0.54 
RUN mR. mg 
# (1b/hr) (1b/hr) 
17 250 
18 250 
18 250 
18 250 
18 250 
18 250 
9 750 
9 750 
9 750 
10 750 
10 750 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 
11 
11 
11 
11 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
184.0 
41.0 
46.0 
52.0 
58.0 
66.5 
55.0 
55.7 
60.3 
25.0 
37.5 
46.2 
55.7 
61.0 
64.0 
72.5 
79.0 
81.0 
99.0 
100.0 
125.0 
148.0 
25.5 
39.8 
48.0 
68.0 
11 750 75.5 
11 750 77.0 
11 750 86.0 
11 750 93.0 
11 750 106.0 
11 750 116.0 
h 
(inches) 
0.15 
0.49 
0.49 
0.46 
0.44 
0.40 
0.55 
0.55 
0.53 
0. 77 
o. 72 
0.68 
0.63 
0.60 
0.58 
0.55 
0.52 
0.50 
0.43 
0.43 
0.38 
0.30 
0.75 
o. 72 
0.68 
0.53 
0.51 
0.49 
0.49 
0.50 
0.44 
0.40 
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6h 
(inches) 
0.034 
0.0025 
0.0051 
0.0058 
0.0066 
0.0073 
0.0118 
0.0119 
0.0169 
6h/h f - 1~1 cycl~s/ cycles/ 
sec sec 
·--'----
0.227 17.3 
0.0051 14.4 
0.0104 16.0 
0.0126 15.0 
0.0150 13.5 
0.0183 13.4 
0.0215 14.3 
0.0217 13.2 
0.032 11.4 
42.5 
18.4 
23.4 
23.7 
21.8 
20.9 
21.7 
23.6 
18.3 
c 
-0.41 
-0.78 
-0.69 
-0.64 
-0.62 
-0.64 
-0.66 
-0.56 
-0.62 
0.0005 0.0007 8.2 
0.00745 0.0104 13.15 
11.15 -0.73 
20.2 -0.65 
0.0084 
0.0122 
0.0160 
0.0222 
0.0316 
0.0302 
0.024 
0.032 
0.032 
0.056 
0.093 
0.0015 
0.0066 
0.0074 
0.0276 
0.030 
0.033 
0.033 
0.031 
0.028 
0.037 
0.0124 13.2 
0.0194 12.0 
0.0267 11.8 
0.0383 9.23 
0.0575 8.03 
0.058 11.1 
0.048 8.7 
0.075 9.05 
0.075 8.05 
0.147 8.55 
0.310 11.6 
0.0019 11.1 
0. 0092 14.4 
0.0109 14.3 
0.052 9.04 
0.059 8.9 
0.0675 8.3 
0.068 10.3 
0.062 12.3 
0.0636 9.94 
0.0925 10.1 
23.1 
20.1 
19.0 
17.1 
13.6 
15.2 
15.2 
14.3 
12.9 
25.2 
33.7 
14.1 
22.6 
22.7 
15.2 
-0.57 
-0.60 
-0.62 
-0.54 
-0.59 
-0.73 
-0.575 
-0.63 
-0.62 
-0.34 
-0.35 
-0.79 
-0.635 
-0.63 
-0.595 
15.55 -0.57 
12.75 -0.65 
15.0 -0.685 
15.8 -0.78 
15.5 -0.64 
25.4 -0.40 
·---·-
. 
rot ms RUN 
II (1b/hr) (1b/hr) 
--
11 750 133.0 
11 750 133.0 
17 750 130.0 
12 1250 22.0 
12 1250 22.0 
12 1250 23.6 
12 1250 26.8 
12 1250 32.0 
12 1250 32.0 
12 1250 41.0 
12 1250 41.5 
12 1250 47.5 
12 1250 47.5 
12 1250 54.3 
12 1250 59.5 
12 1250 59.5 
12 1250 62.5 
12 1250 66.0 
12 1250 72.5 
12 1250 78.5 
12 1250 82.0 
12 1250 97.5 
12 1250 99.0 
12 1250 99.0 
13 1250 30.5 
13 1250 40.2 
13 1250 49.5 
13 1250 59.5 
13 1250 62.5 
13 1250 62.5 
13 1250 63.5 
13 1250 64.5 
.....___ 
- -
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----,-n~g-Kh~h I cy:~es}y:ies/ c -h (inches) 
0.32 
0.34 
0.35 
1.00 
1.00 
1.00 
0.99 
0.93 
0.93 
0.89 
0.88 
0.82 
0.82 
0. 77 
0.71 
071 
0.72 
0.67 
o. 67 
0.64 
o. 64 
0.54 
0.58 
0.57 
0.97 
0.91 
0.84 
o. 72 
0.70 
0.70 
0.70 
o. 71 
-- --· 
(i :l sec sec 
0 .050 0.156 12.5 28.7 -0 .435 
0 .062 0.183 11.0 27.9 -0.40 
0 .0465 33.8 -0.38 0.133 12.95 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
.0021 
.0012 
.0044 
.0050 
.0110 
.0127 
.0139 
.0136 
.0172 
.0190 
.0190 
.041 
.044 
.043 
.052 
.0535 
.0585 
.055 
.067 
.073 
.068 
.0083 
.0143 
.0193 
0.046 
0.035 
0.029 
0.050 
0.054 
0.0021 
0.0012 
0.0044 
0.0051 
0.0118 
0. 0136 
0.0156 
0.0155 
0.021 
0.023 
0.025 
0.058 
0.062 
0.060 
0.078 
0.080 
0.0915 
0.102 
0.124 
0.125 
0.119 
0.0086 
0.0158 
0.023 
0.0635 
0.0505 
0.041 
0.071 
0.076 
8.9 
7.0 
11.6 
12.0 
13.1 
13.6 
13.7 
11.2 
14.5 
15.35 
14.5 
11.3 
9.85 
9.9 
8.05 
7.45 
7.6 
8.0 
6.4 
4.2 
7.6 
15.4 
15.15 
13 .9 
8.9 
12.3 
14.1 
8.7 
7.9 
13.7 -0.65 
11.9 -0.59 
16.45 -0.70 
20.4 -0.59 
20.9 -0.63 
20.6 -0.66 
24.5 -0.57 
20.7 -0.54 
22.1 -0.66 
22.1 -0.695 
22.9 -0.63 
19.3 -0.57 
17.3 -0.57 
15.7 -0.63 
14.65 -0.55 
13.5 -0.55 
12.6 -0.61 
14.3 -0.56 
20.9 -0.30 
17.75 -0.24 
17.55 -0.43 
25 . 5 -0.605 
23.7 -0.64 
21.8 -0.64 
16.7 -0.53 
21.2 -0.58 
23.6 -0.60 
17.3 -0.505 
13 . 5 -0.585 
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---~-RUN mR.. m.g h Ah f fl 
II (lb/hr) (lb/hr) (inches) (inches) 6h/h cyc~es/ cycles/ c 
sec sec 
13 1250 75.0 0.68 0.057 0.0835 8.6 16.1 -0.53 
13 1250 78.5 0.66 0.056 0.0855 7.4 14.6 -0.51 
13 1250 81.0 0.63 0.0525 0.0834 7.9 14.1 -0.56 
16 1 750 11.7 1. 22 0.005 0.004 7.75 12.6 -0.61 
16 1750 17.7 1.19 0.021 0.018 9.7 12.6 -0.77 
16 1750 23.7 1.15 0.024 0.021 10.9 14.9 -0.73 
16 1750 24.0 1.15 0.024 0.021 10.6 16.1 -0.66 
16 1750 35.2 1.02 0.020 0.0195 13.0 26.2 -0.50 
16 1750 44.3 0.90 0.029 0.032 13.1 23.4 -0.56 
16 1750 52.5 0.79 0.059 0.074 9.7 19.1 -0.51 
16 1750 59.5 0.75 0.074 0.099 4.9 9.4 -0.32 
16 1750 59.5 o. 75 0.079 0.105 7.05 14.7 -0.48 
16 1750 65.0 0.69 0.074 0.107 8.6 15.9 -0.54 
16 1750 69.0 0.66 0.074 0.112 6 .9 14.6 -0.47 
18 1750 60.0 0.76 0.072 0.095 7.0 13.6 -0.515 
18 1750 66.0 o. 74 0.078 0.105 6.7 13.1 -0.515 
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TABLE II. EXPERIMENTAL DATA IN WAVY FLOW 
- -
VR, v v 
m g w RUN mt g Ret Re (inches/ (inches/ (inches/ Wave 
II (lb/hr) (1b/hr) g sec) sec) sec) Type 
4 250 42.7 1270 7970 2.74 113 16.0 I 
4 250 56.5 1326 10440 3.14 145 13.5 G 
4 250 70.0 1391 12810 3.64 173 11.2 G 
4 250 82.5 1469 15000 4.31 198 11.4 G 
5 250 63.0 1406 11500 3.76 155 11.1 G 
5 250 63 .o 1406 11500 3.76 155 - G 
5 250 79.5 1486 14400 4.46 190 11.2 I 
5 250 110.0 1655 19680 6.21 251 - G 
5 250 113.0 1681 20200 6.52 257 - -
5 250 118.0 1681 21090 6.52 268 - G 
5 250 136.0 1833 24100 8.49 301 - G 
5 250 157.0 2040 27700 11.8 341 - G 
5 250 175.0 2090 30900 12.7 378 - III 
7 250 49.5 1338 9130 3.23 126 13 . 9 I 
7 250 55.2 1364 10140 3.42 138 13.1 G 
8 250 36.0 1406 8220 3.76 111 14.7 I 
8 250 36.0 1406 8220 3.76 111 14.6 I 
8 250 48.5 1406 8860 3.76 119 13.9 I 
8 250 50.0 1406 9130 3.76 123 14.2 I 
8 250 55.7 1406 10180 3.76 137 12.6 I 
8 250 55.7 1410 10180 3.76 137 - I 
17 250 40.6 1360 7460 3.42 102 14.2 I 
17 250 45.3 1380 8310 3.53 113 14.0 II 
17 250 51.5 1410 9410 3.76 127 13.8 I 
17 250 59.5 1440 10830 4.02 145 11.8 I 
17 250 66.0 1500 11940 4.63 156 - G 
17 250 101.0 1680 18050 6.52 229 - G 
17 250 128.0 1800 22750 8.02 285 - G 
RUN mR. 
II (1b/hr) 
17 250 
17 250 
17 250 
18 250 
18 250 
18 250 
18 250 
18 250 
9 750 
9 750 
9 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
10 750 
11 750 
11 750 
11 750 
11 750 
11 750 
11 750 
11 750 
. 
m g 
(1b /hr) 
14 
16 
18 
7.0 
6.0 
4.0 
1 
1 
1 
4 
4 
5 
5 
1.0 
6 . 0 
2.0 
8.0 
66.5 
55.0 
55.7 
60.3 
25.0 
37.5 
46.2 
55.7 
61.0 
64.0 
72.5 
79.0 
81.0 
99.0 
00.0 
25.0 
48.0 
25.5 
39.8 
48.0 
68.0 
75.5 
77.0 
86.0 
-
Re1 
1990 
2210 
2350 
1340 
1340 
1340 
1410 
1470 
3810 
3810 
3880 
3290 
3 390 
3470 
3590 
3670 
3720 
3810 
3910 
3980 
4260 
4260 
4510 
5040 
3330 
3390 
3470 
3880 
3940 
4020 
4020 
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- -
VR, v v g w 
Re (inches/ (inches / (inches/ Wave g 
sec) sec) sec) Type 
·- -- -- --· 
--
25970 11.0 320 
- G 
29210 14.9 356 21.0 G 
32320 18.0 392 22.7 I II 
7560 3.23 104 13 . 5 I 
8480 3.23 117 13.9 I 
9530 3.53 130 14.0 II 
10600 3.76 143 14.1 II 
12060 4.31 1 60 11.1 I 
10300 8.23 146 18.0 G 
10400 8.23 148 18.3 I 
11200 8. 67 158 15.1 G 
4925 5.18 80 - II 
7290 5.68 114 17.3 II 
8880 6.14 136 18.9 G 
10580 6.81 157 17.8 G 
11510 7.29 168 14.7 II 
12020 7.64 174 14.7 II 
13530 8.23 192 18.0 II 
14650 8.90 205 18.3 II 
15000 9.41 207 19.2 II 
18100 11.7 242 16.0 II 
18200 11.7 244 1 6. 2 G 
22600 13 . 9 296 23.2 II 
26500 19.6 336 27.7 II 
5000 5.37 79.8 - G 
7730 5.68 121 17. 5 G 
9230 6.14 141 17.7 G 
12640 8.67 178 18.9 II 
13970 9.15 195 19.6 G 
14200 9.7 196 19. 2 G 
15860 9.7 219 16.5 G 
- -· 
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- -
v.2. v v 
m.2. m 
g w 
RUN g Re.2. Re (inches/ (inches/ (inches/ Wave 
If (1b/hr) (1b/hr) g sec) sec) sec) Type 
11 750 93.0 3980 17180 9.4 238 20.2 II 
11 7 50 106.0 4220 19360 11.3 261 20.0 II 
11 750 116.0 4410 21140 12.9 280 21.4 G 
11 750 133.0 4890 23990 17.8 306 24.6 III 
11 750 133.0 4750 23990 16.3 310 25.2 III 
17 750 130.0 4690 23400 15.7 303 25.8 III 
12 1250 22.0 4940 4680 6.14 91.5 - G 
12 1250 22.0 4940 4680 6.14 91.5 - G 
12 1250 23.6 4940 5020 6.14 98.1 15.6 I 
12 1250 26.8 4950 5680 6.21 109 15.6 I 
12 1250 32.0 5080 6630 6.73 121 15.6 I 
12 1250 32.0 5080 6630 6. 7 3 121 15.6 I 
12 1250 41.0 5170 8380 7.13 148 15.8 G 
12 1250 41.5 5190 8460 7.24 148 15.8 G 
12 1250 47.5 5340 9500 7.94 159 16.2 G 
12 1250 47.5 5340 9500 7.94 159 16.4 G 
12 1250 54.3 5490 10700 8.64 173 15.8 G 
12 1250 59.5 5680 11530 9. 64 180 21.5 IV 
12 1250 59.5 5680 11530 9.64 180 21.4 IV 
12 1250 62.5 5650 12140 9.46 190 21.8 IV 
12 1250 66.0 5820 12660 10.4 192 22.2 IV 
12 1250 72.5 5820 13910 10.4 211 21.9 IV 
12 1250 78.5 5940 14950 11.1 233 22.5 G 
12 1250 82.0 5940 15620 11.1 233 22.7 G 
12 1250 97.5 6400 18160 14.1 257 25.0 III 
12 1250 99.0 6200 18600 12.7 268 25.2 III 
12 1250 99.0 6250 18600 13.0 266 25.2 III 
13 1250 30.5 4990 6420 6.38 121 15.8 I 
13 1250 40.2 5120 8280 6.93 149 15.8 G 
13 1250 49.5 5290 9960 7.69 169 16.2 G 
13 1250 
13 1250 
13 1250 
13 1250 
13 1250 
13 1250 
13 1250 
13 1250 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
16 1750 
18 1750 
18 1750 
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59.5 5650 11560 
62.5 
62.5 
63.5 
64.5 
75.0 
78.5 
5710 12080 
5710 12080 
5710 12270 
5680 12500 
5790 14400 
5860 15020 
9.46 
9.83 
9.83 
9.83 
9.64 
10.2 
10.7 
81.0 5980 15390 11.4 
11.7 6420 2750 6.72 
17.7 
23.7 
24.0 
35.2 
44.3 
6470 
6550 
6550 
6860 
7200 
4100 
5380 
5450 
7550 
9090 
6.92 
7.21 
7.21 
8.37 
9.84 
52.5 7600 10400 11.7 
59.5 7770 11660 12.5 
59.5 7770 11660 12.5 
65.0 8050 12530 14.0 
69.0 8210 13200 14.9 
60.0 7720 11790 12.3 
66.0 7810 12890 12.8 
181 
187 
187 
190 
195 
221 
227 
228 
67 
96 
121 
122 
149 
162 
170 
186 
186 
193 
199 
190 
205 
22.2 
21.8 
21.3 
21.3 
22.7 
22.7 
22.7 
22.5 
16.9 
14.0 
14.4 
14.2 
17.4 
22 .7 
24.7 
25 .2 
25 . 2 
25.8 
26.1 
26.4 
27 .8 
IV 
III 
III 
IV 
IV 
G 
III 
G 
III 
G 
v 
v 
IV 
IV 
IV 
IV 
IV 
III 
III 
III 
III 
4 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
5 
7 
7 
7 
7 
7 
7 
7 
7 
7 
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TABLE III. EXPERIMENTAL DATA FOR LOW AIR FLOW RATES 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
250 
0 
0 
0 
0 
17.3 
21.7 
23.6 
31.0 
38.4 
0 
0 
0 
9.7 
14.8 
18.0 
21.4 
23.0 
31.6 
0 
0 
0 
0 
16.3 
20.2 
27.0 
34.2 
35.6 
0.59 
0.59 
0.60 
0.62 
0.57 
0.57 
0.57 
0.57 
0.56 
0.59 
0.59 
0.59 
0. 59 
0.58 
0.58 
0.57 
0.57 
0.54 
0.58 
0.58 
0.58 
0.58 
0.55 
0.55 
0.54 
0.51 
0.50 
1230 
1230 
1220 
1210 
1250 
1250 
1250 
1250 
1260 
1230 
1230 
1230 
1230 
1240 
1240 
1250 
1250 
1280 
1240 
1240 
1240 
1240 
1270 
1270 
1280 
1310 
1330 
0 
0 
0 
0 
3240 
4070 
4420 
5810 
7180 
0 
0 
0 
1830 
2780 
3380 
4010 
4310 
5890 
0 
0 
0 
0 
3040 
3770 
5030 
6330 
6580 
2.49 
2.49 
2.43 
2.32 
2.61 
2.61 
2.61 
2.61 
2.68 
2.49 
2.49 
2 . 49 
2.49 
2.55 
2.55 
2.61 
2.61 
2.81 
2.55 
2.55 
2.55 
2 . 55 
2.74 
2.74 
2.81 
3.05 
3.14 
0 
0 
0 
0 
46.5 
58.4 
63.5 
83.4 
102.5 
0 
0 
0 
26.5 
40.1 
48 .8 
57.6 
61.9 
83.1 
0 
0 
0 
0 
43.2 
53 . 5 
71.0 
88.1 
91.1 
No 
No 
No 
No 
No 
Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 
No 
Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 
No 
Yes 
Yes 
Yes 
Yes 
RUN 
II 
~-
8 
8 
17 
17 
18 
18 
18 
9 
9 
9 
9 
9 
9 
10 
10 
10 
10 
11 
11 
11 
17 
12 
12 
12 
13 
13 
16 
16 
16 
16 
mR. 
(1b/h 
250 
250 
250 
250 
250 
250 
250 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
750 
1250 
1250 
1250 
1250 
1250 
1250 
1750 
1750 
1750 
m g 
r) (1b/hr) 
0 
0 
0 
0 
0 
0 
0 
0 
0 
11.6 
17.0 
24.0 
26.9 
0 
0 
0 
22.0 
0 
0 
0 
0 
0 
0 
17.7 
0 
0 
0 
0 
0 
6.5 
h 
(inches) 
0.53 
0.55 
0.54 
0.53 
0.57 
0.56 
0.56 
0.75 
0.74 
0.73 
0.73 
o. 71 
0. 71 
0. 79 
0.79 
0.81 
0.76 
0.81 
0.81 
0.82 
0.84 
1.05 
1.05 
1.01 
1.04 
1.06 
1.07 
1.24 
1. 23 
1. 23 
--- ------
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- ·-------- _l ______ - ---d 
- -
v v Re Re 1 g 
.J_._& _ (in./secJ(in./sec) 
1290 
1270 
1280 
1290 
1250 
1260 
1260 
3330 
3350 
3370 
3370 
3410 
3410 
3250 
3260 
3220 
3310 
3220 
3220 
3210 
3180 
4840 
4840 
4920 
4860 
4830 
4810 
6380 
6400 
6400 
0 
0 
0 
0 
0 
0 
0 
0 
0 
2260 
3310 
4650 
5210 
0 
0 
0 
4320 
0 
0 
0 
0 
0 
0 
3780 
0 
0 
0 
0 
0 
1540 
2.89 
2. 74 
2.81 
2.89 
2.61 
2.68 
2.68 
5 .37 
5 .47 
5.57 
5.57 
5.79 
5.79 
5.01 
5.01 
4.84 
5.28 
4.84 
4.84 
4. 77 
4.62 
5 . 77 
5 . 77 
6.06 
5 . 84 
5.70 
5.63 
6.59 
6.66 
6.66 
0 
0 
0 
0 
0 
0 
0 
0 
0 
35.7 
52.2 
72.4 
81.2 
0 
0 
0 
69.5 
0 
0 
0 
0 
0 
0 
73.8 
0 
0 
0 
0 
0 
37.7 
No 
No 
No 
No 
No 
No 
No 
No 
No 
No 
No 
Yes 
Yes 
No 
No 
No 
Yes 
No 
No 
No 
No 
No 
No 
Yes 
No 
No 
No 
No 
No 
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TABLE IV. EXPERIMENTAL DATA FOR WAVE FORMATION 
250 32 0.54 1250 5980 0.0371 1.80 2. 78 84 
750 22 0.76 3230 4320 0.0951 2.87 5 .28 70 
1250 13.5 1.03 4760 2900 0.0890 2.79 5.95 58 
1750 6.5 1. 23 6220 1540 0.0915 2.83 6 . 60 39 
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TABLE V. AIR FLOW RATES AT WHICH VISUAL WAVE TYPES OCCUR 
Visual Visual Visual 
ml Type Type Type A B c 
(lb/hr) (lb.air/hour) (lb.air/hour) (lb.air/hour) 
250 32 - 42 42 - 70 70 - 184 
750 22 - 56 56 - 110 110- 148 
1250 1~-2 58 58 - 86 86 - 99 
1750 None tJ._ 2 70 None 
------- --- --~---
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PARI' III 
'IHE ARI'IFICIAL KUNEY FUR 'lE1\0IING bkdfkbb~ PRINCIPlES 
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THE ARTIFICIAL KIDNEY 
for Teaching Engineering Principles 
MALCOLM C. MOIIIIISON and WILLIAM K. COIICOIIAN, Division of Chemistry and Chemical Engineering, California Institute of Technol· 
ogy, and MILTON L IIUIIIII, Wadsworth Veterans Hospital and the University of California at los Angeles 
IN THE SECOND QUARTER of their sophomore 
year ut Cahcch, chemical engineering students take 
their tir~t introductory course in engineering, a course 
open tu all other scientists and engineers. This one-
term course. of ten weeks traditionally has introduced 
concepts such as mass and energy balances, chemic.al 
equilibnum, and chemical kinetics through problems 1n 
new technological development, such as fuel cells, 
'aline-water conversion, and fluidized catalytic crack-
ing. In 1966-67, the course was based entirely on 
hemodialysis and artilkial kidneys. Thi, new frame-
work not only significantly improved the continusty of 
the course but allowed a logical presentation of the 
concepts previously treated, as well as the prescntatson 
of many other worthwhile principle,. 
Orranlzatlon of tha Course 
Because the course was introductory. all aspects of 
hemodialysi~ngineeringK medical, biological , and 
economic- were presented. Less time, therefore, was 
devoted to the teaching of engineering concepts, but 
the value of the course as a whole was enhanced. 
Somewhat more than one-third of the three class hours 
per week was devoted to instruction. by a ~hemical 
engineering faculty member on bas1c pnnctples of 
thermodynamics. chemical equilibrium, and transport 
phenomena. These principles, including their usc in 
mathematical models. were applied to the problem of 
the treatment of kidney failure . Another one-third of 
the class hours was devoted to lectures by medical and 
professional people working in the field. Topics in-
cluded renal function and failure ; the desi~tn and 
function of necessary equipment for dialysis; sociologic, 
medical. and economic problems of home and in-
stitutional dialysis; and treatments for renal failure 
which involve primarily medical problems. The re-
mainder of the class time was spent on field tnps to 
hospitals and to a manufacturing company to acquaint 
the students with current development of treatments 
for kidney failure and to illustrate application of the 
information presented. 
Homework for the first two weeks consisted of 
reading in three texts (Refs. I, 2, 4) . to acquaint the 
students with kidney function and with medical termi-
nology. Reading thereafter was from a syllabus drawn 
primarily from a report by one of the authors (Ref. 3) 
to the California Legislature. This syllabus provided 
perspective on the material to be covered. Home prob-
lems which dealt with hemodialysis and illustrated the 
engineering principles discussed in class were due from 
NOTE: Funds for the experiment described in thiJ article were 
provided by E. I. du Pont de NemouB & Company. Inc. 
the students each week. During the tinul three week~K 
however. no home problems were due. and there was 
little reading. In that period 1hc students worked in-
dividually or in pairs researching a topic of their choice 
10 the field of hemodialysis. The projects were directed 
toward enabling the students to think in depth. Rela-
tively free choice of topic was allowed to mall imize !he 
'tudent interest in the project. A list of wpic~ suggc,!ed 
•~ given below: 
Lsnear programmsng of a model of •haly"' fnr mons-
mum C<Kt. 
2. Analy"' of memhrane tran<por1 
The mechanism of clo1tsng ano.J <tuo.lie, of malersal' on 
lhe honding of heparin to polymer 'urface<. 
4 . Analysi< of opera1sonal o.Jata lor over~ll transpon 
coefficient< for urea. 
S. Analysi• of o.Jata for coefficient< in ultrafiltration. 
h . System, s1uo.Jy of hospital o.Jialy<is for msnsmum coot 
ano.J maximum dialysis ethciencse\. 
7. Sy<lem< an:oly<i' of hom~ o.Jialy< i< unit for minsmum 
co" ano.J maximum o.Jialy<i< eflicsencie\ . 
K. Analy"' of ma!erial and momentum traO\port sn 1he 
hiOO<J .cream sn the Kiil o.Jiulyzer. 
9 . Analy<i< of optimal rclalive """'' of hlnO<I ano.J o.Jsaly. 
'ani in 1he Kiil dialyzer 
10. Critical paper on moo.Jel< of hlo>Oll ft ow on :orteroc' 
II. lmpruvco.J mathematscal moo.Jcl of dsal y"' 'Y<Iem. 
12. Clearance. tuhular reah'IOrpllon. and luhular <cere-
lion put on more logical ha"' hy analy<i' of matersal 
balances. 
13. Analysis of experimental data for osmolsc ano.J o.J"'ipa-
tivc effect~ in transfers aero's '-llal)''l'i memhrane' 
14. Cntscal study of hlood ftow sn capsllarse' 
IS Oplimszalson <tudy of perstoneal dsaly'"· 
Dllllhutaces In C011nt Stnlctwlntr 
In structuring the course to insure that most aspects 
or the problems of kidney failu re and hemodialysis 
were men!ioncd, there were some di~advantagesK To 
acquaint the students with minimum knowledge rela-
tive to the human body, the kidneys and their func-
tion. and necessary medical terminology, the first two 
weeks were devoted to biological and medical consid-
erations. To avoid losing student interest, it is best not 
to assign too much or too difficult reading 11t this point. 
Pitts' book (Ref. 2) was found somewhat advanced 
for sophomore-level students who had no continuing 
interest in physiology . 
Although a number of different lecturers permi!ted 
the students to get many different viewpoints, there 
was some duplication, but it was held to a minimum by 
fNGINURING fOUC.O.TION o 0<10 ... < 1961 / liS 
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circulation of advance k~yun plan>. The...: plan' were 
c'po.-coally helpful in courdonatin~ field trip' and daI~­
mum etrurh, so th.ot tnp> were made woth certain 
ntojcctivc• in mind and were not ju~t guided tours. 
Co11ne Centent and So•n:e Material 
Of pYrticular import.1n<:c to the course at Caheeh 
w,u the uvaolahility ul the report hy Ruhino ( Ref. J) . 
which toruu!lht together the most infnrmatiun ahoul the 
treatment uf renal failure . from an educational stand-
ouint, it i~ unfortunate thai as yet no >uitable unilied 
text deals with the trc.1tmcnt uf renal failure . 
The artilicial kidney is clearly the best internal 
ur~an to >tully because it utilizes in a simple and 
straightforward fashion '" many of the principle' com-
mon to virtually all cngmccring problems. Figure I is a 
"hematic diagram of a typical institutional hemodi-
aly,is sy,tcm Blood i> removed from the pati ·nt 
through a ~hunt in the arm or leg and i> dnvcn either 
hy the patient's o"'n blood pre~Durc or hy the hluod 
pres,urc woth a bomt from a roller pump fhe hlood 
move' in laminar flow through connecting tnhing 111 the 
doalyzcr. enters the blood side of the dialyu:r, and 
usually llo"D~ under lamonar condotions through the 
dialy7.cr and nut to a drip chamber. Here buhhles arc 
removed from the flowing blood. and then the hlnod 
returns to the patient. 
The concentrations of >ails in the dialysate solution 
arc e>sentially tho>e of normal tolood and are carefully 
controlled to m<·et cntain specilications. Correct ionic 
concentration' may be ohtained either by mixini! a dry 
prepared powder with tap water or by mixing a 
DIALYSATE 
PU .. P 
(OPTIONAL) 
ROLLER 
IILOOD 
PU .. P 
(OPTIONAL) 
HEAT 
EXCHANGER 
DIALYSATE 
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AND STORAGI: 
TAN I\ 
DIALYZER 
,---'--,.--'---, 
I 
l i l 
" I 
· .. fMIIRANE 
TO 
DIALYSATf: 
DRAIN 
fogure I. SchemlhC ftow doagram for hemodoalysis. 
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concentrated solution with tap water by mean' of a 
pmportionin~ pump. Once the doalysate ~oluuon i, 
prepared, it pu>...:s throu~h a heat exchanger in which 
the dialy,atc temperature i' hrought up to that of the 
human hndy . After thi,, the dialysate continue' to 
llow, droven either hy a pumj1 or by gravity. Ill the 
dialyzrr. It moves thmugh the dialyzer in eother lami-
nar or turbulent llow, depending upon the type of 
dialy7.cr used, and carries the con,tituents removed 
from the blood to a drain. 
frunsfer of the metabohc pmsons and certain oonic 
constitutent• of the blood across the membrane to the 
dialysate is primarily by molecular diffusion, since 
laminar llow exists at least on the blood side of the 
membrane. The overall driving force may be rep-
resented by the concentration gradient between the 
blood and dialysate side~ of the dialyzer. Water may 
d'o be removed from the blood. The ultrafiltration 
may be hrought ahout either by an osmotic pressure 
gradient onduccd hy the presence uf non-doffusible 
orgamc compounds in the dialy>atc or by a hydrostatic 
pressure gradient due to suction on the dialysate \ide 
cn"'•rnllcd hy the height of the dialysate drain. 
Readily apparent, then, in Figure I are the roles of 
energy. mass, and momentum transport. The\C trans-
port phenomena may be treated on a microscopic basis 
but preferably on a macroscopic toasts by the usc of the 
macro>copic e4uations of change and overall transfer 
coefficients. Stoochiometry plays a prevalent role in 
determining the proper composition of the dialysate 
lluid. As determination of the proper composition of 
the dialysate also re4uires an understanding of osmotic 
pre•sure, thermodynamics. with emphasis on chemical 
C<.juilibrium. may be used to justify the equations 
commonly used to determine the osmotic pressures of 
solution•. Chemical kinetics is controlling on tubular 
secretion of certain ,ubstances in the kidney but was 
not reviewed in any detail in this introductory course. 
Because the artifical kidney basically involves a simple 
setup of e4uipment, the 'onhomorc students rapidly 
develop a clear picture of relations hetween engineer-
ing pnnciple' and design. 
Concepts and Approaches 
The course was designed to pre,enl all aspects of the 
orohlems of treatment for kidnev failure tl-ol's p ·rmit-
ting students to be introduced dramatically to the 
concept of the systerrls aporoach to a problem in which 
representatives of many di,ciplines (such as medicine, 
physiology. engmcering. chemistrv. and psychologv) 
work together to solve a problem. The students readily 
appreciated the difficulties and advantages of the 
sy,tems approach, which promises to become mcreas-
ingly useful in the future. The closeness of the workin!! 
relationships 'ensiti1cd the stud~nts to be careful about 
vocahularv and dcfino•ions nf tNillS. Thcv not n'llv llad 
to learn common engineering terms hut they also had 
to hecnme 4uite famili~r with medical tcrmi"'ol()!(v. 
Appreciation wa' developed for the problems which so 
often arise when commumcation barriers exist between 
professions, and the students understood the necessity 
of developing a clear and concise vocabulary. 
The class at Cahech was composed of a variety of 
pure science and engineering majors. Exposure of 
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the...: students to representatives of various profc"ion~ 
nnt only in~ured that their own interests would he 
doscu>scd but also enabled them lu sec the obvious 
differences of approach and outlook among the investi-
gaton in the field . Hopefully. that experience in-
creased their respect for other professions. Each stu-
dent broadened his outlook. not only by di~cussions 
with students in other majors but also by dio;cussion> 
with instructors and guest lecturers with divergent 
interests and opinions. Conflicting opinions were evi-
dent in the evaluation of potential usefulness o( vari-
ous approaches to the treatment of renal failure . The 
students considered proposals of medical doctors to usc 
misccllaneou' internal membranes for dialysis or to 
treat kidney failure with transplantation. They also 
evaluated new dialyzer designs bas:d upon techni(jues 
such as electrodialysis, ion~xchangcI and charcoal 
adsorption. 
Much of the progress in hemodialysis has been 
based primanly upon intuitive reasoning. rather than 
upon quantitatovc consideration of basic engineering 
principles. The students were able to sec the results, 
some good and some not so good, of the intuitive 
approaches in the earlier work. After they had studoed 
the ba~ic engineering principles pertinent to the prob-
lem. they were then introduced to mathematical mod-
el• of systems for hemodialysis and peritoneal dialy>is. 
Those models clearly demonstrated to the students the 
advantages of the more quanti~tive approaches based 
upon fundamental engineering principles. 
Ethics and Hu111anlt1rlan Service 
Because of the involvement of artificial internal 
organs with people, the students were exposed in a 
real way to the application of ethics. The immediate 
result of a successful hemodialysis program is to 'ave 
human lives, but a failure in the program may result in 
loss of human lives The: too hasty introduction of a 
nt•w tcchni4uc ur device: c.•uld rcsult in needless death 
of patients due to factors that could have been elimi-
nated or mitigated by further rco;c:arch snd develop-
ment. Also, a primary factnr limiting widespread usc 
of hemodialysis is c.•st; so how should engineers min-
imize the cost and yet maintain an adC(juatc safety 
factor to protect human life? Although no ab\olutc 
answers could be given to the perplexing questions 
which always arise in such work. the questoons ac-
quainted the students with pertinent problems in ethics 
and with the major rule of ethics in all profcssiom. 
The course at Caltech was cnthu~iastically received 
by the students, both engineers and non-engineers. 
They were pleased to sec how engineering. science, 
and other disciplines could work together to tit into the 
real world outside of the university. They saw in a 
very direct manner how the principle~ of engineering 
can be used to help humanity. In a time when many 
~tudents arc thinking more and more in terms of 
humanitarian service to socoety, engineering educators 
could well focus upon more case problems involvong 
human need~K There is no loss in communocation of 
engineering principles. The presentation of such work 
early in the undergraduate curroculum could do much 
to encourage more of today·, idealistic youth to follow 
careers in engineering. 
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PJ.UJ?a>ITION I 
ABSTRACT 
Prq>OSi ticn I p~s that the effects of fluid acceleration 
shall.d be carefully cx:nsidered when det:enni.ning the pressure drq> 
through a gas-p-tase, fl<M reactor. A plot of the fraction of the 
total pressure drq> caused by acceleraticn versus the reactor length 
shCMS a m:ini.mun early in the reactor. 'Ibis propositicn explained 
the }Xlysical basis for this m:ini.mun in tenns of the fluid behavior 
in the reactor. 
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m~fqfll I 
PRESSURE DIOP IN PJOPANE PYroLYSIS REACroRS 
'nle proper use of the mechanical energy balance to calculate 
pressure changes throughout a flowing system is well known. Often, 
however, inaxrplete analyses of pressure drops are made. 'these 
analyses, though often valid approximations, have led to appreci-
able errors in calculated results, aspeci~lly in systems where 
there is chemical reaction. One inaxrplete analysis often used 
neglects the effects of changes of kinetic energy and height on 
the pressure of a system but does include frictional effects. The 
neglect of changes of the kinetic energy in the nechani.cal energy 
balance can result in appreciable error in the calculated pressure 
profile, especially when the change in density of the flowing fluid 
is greater than 30% of the inlet density. 
'IWo published analyses [1, 21 were examined to determine the 
effects of neglecting kinetic energy terrn9. Both systems involved 
the design of a tl.lbllar reactor for the pyrolysis of prq:>ane. "!he 
reactor designed by Myers and Watson [1] cxmsist.ed of 43 sections 
of 30-ft. lengths of tubing having an inside dianeter of 4 1/2 in. 
These sections were cxmnect.ed with 180° return bends. Pure pl:q)alle 
at 500°F. and 70 psia. was fed to the reactor at a rate of 7455 lb./hr., 
and a final oonversion of 85% was obtained. The reactor described by 
Ibugen and Watson [2] cxmsisted of 34 sections of 30-ft. tubing 
with an inside diameter of 5 in. Again oonnections were made with 
180° return bends. For this reactor prq:>ane initially at 600°F. 
and 49.6 psia. was fed at the rate of 7000 lb./hr., and the final 
-260-
CXll'IVersion of propane was 82%. Both reactors were heated to a 
maximum temperature of 1400°F. 
For eadl system, the analysis to determine pressure, tenper-
ature, and concentration profiles involved the sircultaneous solution 
of twelve non-linear equations. An IBM 7094 carputer was used to 
obtain aolutions by an i t.erati ve procedure. 
Iblgen and Watson {2) specified that the reactor be analyzed 
to determine the proper inlet pressure to the reactor if the outlet 
pressure was to be 20 psia. An analysis which neglects the change 
in kinetic energy in the mechanical energy balance indicates the 
proper inlet pressure is 48.6 psia. An analysis inclwing that 
change, however, i.OOi.cates that for this inlet pressure the outlet 
pressure fran the reactor \olOuld be 16.9 psia. and that an inlet 
pressure of 49.6 psia. is necessary to maintain the 20 psia. out-
let pressure. Myers and Watson [1] specified that the inlet 
pressure to their reactor be 70 psia. Their analysis, neglecting 
kinetic energy effects, indicated the reactor outlet pressure 
\olOUld be 23 psia; rut if the analysis is altered to include effects 
of kinetic energy, the indicated outlet pressure is 16 psia. 
It is interesting to plot for each system the difference 
~ut the entire reactor betl4een the pressure drop calculated 
by an analysis neglecting kinetic energy effects and the pressure 
drop obtained by an analysis including them. Figure 1 shows the 
effects of .the neglect of the changes in kinetic energy in the 
nech.anical energy balance on the pressure profile of each system. 
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The per oent error is defined as follows: 
6.P F was clx>sen for the denaninator of the right side of [ 1) in-
stead of 6.P T because this ctx>ice si.nplifies the calculation of 
APtr using Figure 1 and known 6.PF values. 
'lWo features of the curves are of interest. First, there is 
an apparent discontinuity at t.P'!V"Pm = 0 since the per oent error 
is naturally zero when 6.PT = 0 in each system. 'lllis disCXJntinuity 
occurs as a result of the defini tians used for the ordinate arrl 
(1) 
abscissa values, and JX)t as a oans&qUenOe of any disocntinui ty in 
the pressure profile of each system. '!he disoontinuity si.Irply 
reflects the fact that in the regions just beyond the inlet plane 
of the reactor the pressure dl:q> necessitated by changes in kinetic 
energy is about 5% of the pressure d.rcp due to friction no matter 
how small the magni t00e of the total pressure drop may be. 
Second, one notes the change in slq>e of each curve fran 
negative to }X>Sitive as the fluid proceeds through the reactor. 
'!his change of slope can be explained by c:x::J'rbining the ~rfect 
gas law with the pressure drop expressions for a finite reactor 
section. For the initial reactor sections, in which the pressure 
is relatively oonstant and no chemical reaction occurs, one may 
derive the follo.ring approximate expression for a reactor section: 
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llTN 
% Error a 
{2) 
in section N <T> N 
This ratio decreases in the initial sections of the reactors for 
o..u reasons. First, <T>N increases in successive reactor sections; 
and second, llTN dec:reases in suc;x:,essi ve sections because the heat 
capocity of the fluid increases as the teltperature increases. In 
the final sections of each reactor the per cent error is strongly 
affected by the relatively large decreases in pressure and average 
nulecular weight of the fluid mixture. One can derive for these 
final reactor sections the approximate relation 
~ + llPN 
% Error a -- --
in section N <M> <P> N N 
[3) 
~tion ( 3] explains why the per cent error increases in the final 
reactor sections. Not only do <M>N and <P>N decrease, but ~ and 
llP increase in each suocessi ve reactor section. 
N 
The anission of kinetic energy terms in the rrechanical enertJY 
balanoe had a negligible effect on the t.enperature profiles in the 
reactors. The calculated final cnnversions of propane were lowered 
by 1% when kinetic energy changes were considered. This difference 
was due to the dependence of the reaction rates upan pressure and 
was well within the probable errors resulting frcm the use of the 
enpirically developed rate expressions. 'Ihus the pre ssure was the 
only variable to be significantly affected by the neglect of the 
-263-
kinetic energy tenns in the nechanical energy balance. 
Even though velcx=ities around 700 - 900 ft./sec. were ulti-
mately achieved in the reactors, the inclusion of kinetic energy 
terms in the total energy balance resulted in no substantial di f-
ferenoes fran the results obtained when neglecting changes in kin-
etic energy in this balance. These changes were about 1% of the 
total heat supplied to the reactor. In the systems investigated, 
the neglect of the kinetic energy terms in the total energy balance 
was far rrore acceptable than the neglect of the sarre terms in 
the mechanical energy balance. 
BIBLia;RAPHY' 
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<M> average rrolecular weight of the fluid in the Nth section 
N 
<P> N 
tJ>F 
of the reactor 
the decrease in the rrolecular weight of the fluid in the 
Nth section of the reactor 
input pressure to the reactor 
average pressure in section N of the r~actor 
frictional pressure drop 
the decrease in pressure in section N of the reactor 
total pressure drop 
average terrperature in the Nth section of the reactor 
increase in t.eJTq:lerature in the Nth section of the reactor 
0:.:
 
0 0:.:
 
0:.
: 
UJ
 
~
 
0 
5 4 
0.
1 
0.
2 
H
 an
d 
W
 S
YS
TE
M
 
[2]
 
PI
N 
=
 48
.6
 P
S 
lA
 
H
an
d 
W
 S
YS
TE
M
 
P 1
N
=4
9.
6 
P
SI
A 
0.
3 
l1P
T 
PI
N 
0.
4 
M
 a
nd
 W
 S
YS
TE
M
 [J
] 
PI
N=
 7
0 
PS
I A
 
0.
5 
0.
6 
FI
GU
RE
 1
. 
Pr
es
su
re
 P
ro
fi
le
 E
rr
or
s 
I t\J
 
0
\ 
U
1 I 
-266-
PIDPa>ITICN II 
ABSTRACI' 
Prq:x:xsi ticn II proposes that advantages may be gained by 
operating a batch or plug-flow reactor at a constant heat flux 
rather than at isothennal cx:mdi tions for the system reacting 
according to A -+ B -+ c. calculations for a hypothetical system 
are presented showing how the yield of desirable product B may 
be increasad by the use of a ccnstant heat flux, how the ocncen-
tration of A at a given yield of B may be increased, and heM the 
~ ~ssary to achieve a given yield of B may be decreased. 
-267-
PROPOSITIOO II 
~-ISCJI'HERMAL RF..ACfOR OPERATIOO 
The series first-order reactions 
is exemplified by radioactive series, some hydrolyses, the chlor-
ination of benzene, arrl other systems. For isothermal reaction 
the differential equations relating concentrations and time are 
readily solvable (3). In a non-isothermal, constant-volume 
batch reactor the differential equations are the following: 
dA/dt = -k1 A 
dD/dt = k
2 
R 
Vp C dT/dt = Q - V H kl A - V H2 k B. T 1 2 
The equations for a constant-density plug filow reactor at steady 
state are identical. 'I'he equations above may he rearranged to give 
dcx/dt = - k ex 
1 
~ dy/dt = k2 B 
[2] 
[3] 
[4] 
[5] 
[6) 
[7] 
[8] 
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dT/dt = ~el [Q/VAOHl + (1 + ~ da + H2 dB] 
PTC Ill dt Hl Qt 
'Ihese final equations may easily be solved using the Seidal 
nunerical iterat-.ive tedmique (2). 
'Ihe operation of the reactor at other than isothermal cx::n-
di tions can lead to improvem:mt-.s in certain characteristics of 
the reactor systan when B, the interroodiate, is the desired 
product. Several authors ( 1, 5 , 6) have determined the cpt:i.rm:rn 
ooncentration of B by the calculation of the cpt..imurn tanperature 
profile. The attai.rioont of the q:>ti.mun temperature profile re-
quires, hc:Mever, the use of a varying heat flux to the reactor 
which may not be easily achieved industrially. This work ccn-
siders the improvements possible in cne such system if the heat 
flux to the reactor remains ccnstant during the oourse of reactian, 
a situation usually not difficult to achieve in practice. In 
acklitian, this work a:msiders not only the cptimizaticn of the 
yield of B, but also the minimization of the crnotmt of A reacted 
to achieve a given yield of B and the minimization of the t:i.ne 
necessary to achieve a given yield of B. 
Ccnsider such a system in which the reactor feed ccntains 
no B or D and is supplied at 300°K. Both reacticns are endothennic, 
and the rate oonstants satisfy an Arrhenius expression with 
E2 > E1. Arbitrarily specify for the systan the rate c:x:mstants 
to have either the fonns 
15 -11052.5/T 
k 1 = 10 e 
15 -11260.4/T 
k2 = 10 e 
orthe fanns 
14 -10361. 7/T 
k1 = 10 e 
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16 -11951.2/T 
k2 = 10 e 
For isothennal operation at the feed temperature of 300°K, the 
rate of heat addition must be varied. If cne maintains a cxn-
st.ant rate of heat addi tic:n to the system, a::msiderable advan-
tages may be ootained over isothennal reaction even though the 
temperature varies less than ±l0°C fran the initial feed tan-
perature. For the system ooscribed Clbove, an analysis using the 
~ 7094 ocrnputer was perforrood to determine reactor dlaracteris-
tics for operatic:n \frith a ronstant heat-input rate. 'Ihe following 
three oojectives were sought: 
( 1) maximization of the yield of B obtainable in the time tr1, 
(2) minimization of the amount of A reacted when R""SM and 
(3) minimization of the t.i.ne necessary to adlieve SM. 
'!he results of the ntJnerical analysis are presented in the tables. 
Arbitrary values were specified for the parareters H2/H 1 and 
AoH!IoTC. The parcm:!ter Q/VAoHl was varied to neet the desired 
cbjectives, and the values which satisfied eadl objective are 
presented in the tables. 
Table I indicates little increase in the yield of B from the 
isothermal operation at 300°K. 'Ihis is expected in view of the 
relative similarity of the rate cx.mstants and of the results for 
the optimizaticn of B yield (1). Table II indicates that the 
reaction t.ine nea:ssary to adlieve a yield of 50% can be reduced 
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fran the isothennal time by as mudl as 14% • '!his would be a sub-
stantial saving if the time involved were of the order of mag-
nitu::le of hours, as is the case for chlorination of benzene. 
Table III indicates that the usP of this simple heat flux is 
sufficient to result in a substantial (up to 25%) decrease in 
the amount of A reacted to yield BM in "tM. If reactant A were 
rrore valuable than product D, this kn<Mledge would be useful. 
Although only certain values of H2,1H1 and AoHl/p C have been T 
considered and cnly two fonns for the rate cxnstants have been 
cx:::nsidered, trends may be noted whidl indicate whether ~ration 
with a cx:mstant heat flux would he advantageous crnpared to iso-
thennal cperaticn of a batch or constant-density plug flew reactor. 
If both reactions are endothennic and E2>El' the ccnstant heat 
flux reactor becnres rrore advantageous fran the three standpoints 
considered here as H2,1H1 beccrnes larger, as AoH1/ PrE- becx:rres larger, 
and as the two rate constants bea:::rne less similar. It is pa;sihle 
however, that these generalizations may not be true in regions 
far ranoved fran those analyzed here. 
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~ob 
When tmits are not specified, any cx:msistent units may be 
\ltilized. 
A oonoentration of cx::xrponent A 
Ao initial cx:moentration of A in the feed 
B CXl'lOentration of cx:.nponent B 
C heat capacity of reactive mixture, terrperature units Il'llSt be °K 
D concentration of c.:arpone.nt D 
E1 Arrhenius activation energy for first rate constant 
E2 Arrhenius activation energy for second rate ex>nstant 
H1 heat of reaction for first reaction 
H2 heat of reaction for second reaction 
k 1 rate cx:mstant for first reaction 
k2 rate constant for second reaction 
Q heat input per unit tilre 
T t:errperature, OK 
t time 
~ t.ime necessary for 6 to reach 13M when reaction takes place 
isothermally, 13.8 
V volune of the reactor 
a AIAo, dimensionless concentration of A 
~ value of a when 6 reaches BM for isothennal reaction, 0.2516 
B B/Ao, d.i.Irensionless CXX\oentration of B 
eM maxi.nun value of 6 when reaction occurs isothermally at the 
feed t.errperature, 0.5000 
y D/Ao, dinensionless concentration of D 
PT density of reacting mixture 
Maximt1n s 
0.5000 
0.5000 
0.5000 
0.5002 
0.5003 
0.5003 
0.5003 
0.5004 
0.5005 
BM '"" 0.500 
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TABLE I 
M.IOO:MIZATIOO OF 6 FOR t ~ ~ 
(a) 
a At tAt H2 
-
Maxinun s Maxinun s H1 
0.2535 13. 8 3 
0.2527 13.8 3 
0.2526 13.8 3 
0.3545 13.8 10 
0.2504 13. 8 10 
0 . 2510 13.8 10 
0.2507 13.8 100 
0.2506 13.8 100 
0.2518 13. 8 100 
~ = 0.2516 
AoH1 Q 
--
pTC VAoH1 
100 0.108 
500 0.108 
1000 0.108 
20 0.226 
100 0.234 
200 0.234 
2 1. 76 
10 1.84 
20 1.84 
~ = 13.8 
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TABLE I 
MAXIMIZATIOO OF a clot~ ~ 
(b) 
a At tAt 112 ¥1 Max.i.rrun a Maxirrun s Max.iirun 8 Q 
- --
Ill P'J!2 VAoHl 
0.5008 0.2721 13.8 3 100 0.102 
0.5007 0.2725 13.8 3 500 0.102 
0.5006 0.2653 13.8 3 1000 0.104 
0.5025 0.2658 13.8 10 20 0.214 
0.5029 0.2676 13.8 10 100 0.218 
0.5030 0.2684 13.8 10 200 0.218 
0.5030 0.2731 13.8 100 2 1.55 
0.5039 0.2685 13.8 100 10 1.68 
0.5041 0.2699 13.8 100 20 1.68 
--- - ---
13M = 0.5000 ~ = 0.2516 tr.f=13.8 
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TABLE II 
MINIMIZATION OF t FOR a = aM 
(a) 
a At H2 AaH1 Mini.nun Minimllm t Q 
- --
t H1 pTC VAoH1 
13.8 0.2535 3 100 0.108 
13.8 0.2527 3 500 0.108 
13.8 0.2526 3 1000 0.108 
13.2 0.2482 10 20 0.244 
12.8 0.2493 10 100 0.250 
12.75 0.2553 10 200 0.250 
12.8 0.2508 100 2 1.92 
12.4 0.2481 100 10 2.08 
12.2 0.2529 100 20 2.08 
- - -· 
~=1PKU ~ = 0.2516 aM= o.5ooo 
Mininun t 
13.4 
13.5 
13.5 
]2.7 
12.45 
12.3 
12.5 
12.0 
11.9 
tr.f=13.8 
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TJ\BLE II 
MINIMIZATION OF t FOR 6 = eM 
(b) 
a At H2 AoH1 Minimum t 
-
H1 PrE-
0.2245 3 100 
0.2251 3 500 
0.2251 3 1000 
0.2265 10 20 
0.2250 10 100 
0.2318 10 200 
0.2752 100 2 
0.2741 100 10 
0.2725 100 20 
~ = 0.2516 
Q 
VAoH1 
0.104 
0.104 
0.104 
0.230 
0.238 
0.246 
1. 76 
1.92 
1.96 
eM = o.5ooo 
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TABLE III 
M1\XIMIZATIOO OF a FOR B = SM AND tK!~ 
(a) 
t At H2 
-Y'l Q Maximum a Maximum a 
- --
H1 PrrC 'JAoHl 
0.2535 13.8 3 100 0.108 
0.2527 13.8 3 500 0.108 
0.2526 13.8 3 1000 0.108 
0.2634 13.8 10 20 0.218 
0.2653 13.8 10 100 0.222 
0.266 13.8 10 200 0.227 
0.2650 13.8 100 2 1.64 
0.2669 13.8 100 10 1. 72 
0.2684 13.8 100 20 1.72 
~MKOR1S \, = 13.8 SM = 0.5000 
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TABLE III 
MAXIMIZATION OF a FOR B = ~ AND t!~ 
{b) 
t At H2 AoH1 Q Maxi.nun Ct Max.inn.m\ Ct 
-
H1 PrE- VAoH1 
0.2919 13.8 3 100 0.096 
0.2889 13.8 3 500 0.097 
0.2885 13.8 3 1000 0.097 
0.3050 13.8 10 20 0.180 
0.3069 13. 8 10 100 0.188 
0.3072 13.8 10 200 0.189 
0.3087 13.8 100 2 1.29 
0.3123 13.8 100 10 1.38 
0.3148 13.8 100 20 1.38 
~KOR1S ~:a 13.8 ~ = 0.5000 
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PIDPCSITICN III 
ABSTRACI' 
Proposi ticn III p:r:qx>Ses that the recent cxmnercializa-
ticn of a cx:mputer-input deviCE which reads handwritten material 
makes cx:mputer grading of cxmrsework feasible without requiring 
any significant changes in currently used teaching methods • 
Reacticns of teachers and pupils to cx:mputer grading en the 
junior-high level indicate a favorable respcnse to the p~ 
nethod of grading. 
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PROPa3ITICN III 
Ccrrputer-assisted education has taken great strides in the 
last decade, and it is now possible to structure certain cx:>urses, 
particularly on the junior oolle<Je level, s\X:h that all grading 
for the course is done by a oanputer rather than by the teacher (2). 
The developrent of oarputer-assisted education has been guided 
by the limitation of the available equipnent, particularly the 
limitations of the available input devices. Al tln.lgh there are 
a ntw'lber of experi.rrental classes in which the c:ourse\\Ork is al.nost 
entirely decided by and graded by catpUters, only a small minority 
of courses, nDst of them on the lower-division cx:>llege level, are 
even graded, partially or CXJTpletely, by cx:~tmrtersK Virtually 
all elementary and secondary education is to date entirely 
unaffected by the vast capabilities of c:x:rrputer-assisted education. 
There are a variety of reasons why ocrrputer-assisted educa-
tion has rx>t yet had full i.rrpact upon American education (1). 
In sane subject areas, such as English OCtrf?OSition, the necessary 
tedmiques are still being developed. M:lst irrportantly, however, 
the application of cx:rrputer-assisted education is sirrply too 
expensive to warrant widespread use at the present tilre. The 
single m:>st prohibitive oost of ocnputer-assisted education has 
been the cost of transcribing the voluninous necessary infonnation 
into a fo.rm readable by a cx:rrputer. Key-punching and using 
specially marked <XXled papers are rx>t adequate techniques for 
the input of a large anount of widely-varied data. 
In 1968, however, IBM announced the cxmnercial availability 
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of several input devices capable of reltding both typed and hand-
printed letters and numbers. The future generations of these 
devices should prove a boon to carputer-assisted education. These 
new input devices, the 1288 series, are entirely adequate for the 
widespread introduction of lirni ted grading by cx::rrputer throughout 
the educational system. 
tJrx1er this system of limited grading by oarputer, the teachers 
~ still grade each piece of work subni.tte.d by the st\Dent 
and would, as usual, record these grades in a gradebook. The 
gradebook would be al.Jrost identical to the gradebook in current 
use but \oiO\lld be slightly altered to enable the c:arputer input 
device to read the hand-printed letters and nurbers in the grade-
book. Whenever grades for the students are required (every five 
weeks in the Los Ancjeles public schools) or desired, the teacher 
need only place her gradebook in the intra-system mail. The mall 
delivers the gra.del::xx>k. to the central OCII'p\lter for the system 
where, overnight, the sheets frcrn the gradebook are fed to the 
c:x::rrputer and all class grades cx::JrrPUted. In the norning, the 
gradebook and c:x::rrputer results are returned to the teacher. 
Such a limited grading system \>Uuld offer many advantages 
to at least m:xierately-sized school districts. Teachers \\Ould 
like the system since it would relieve them of the neoessi ty of 
determining grades for stu:ients several tines during the school 
year; and, ve:ry :i.np>rtantly, it \\Ould do this with no rx:>ticable 
perturbation upon the i.OOi vidual teacherS established routine. 
Both teachers and st\Dents would appreciate having the results 
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of a detailed analysis of eadl stu3ent' s cnntinuing educational 
progress that only a oooputer oould prO'Jide. Inasnuch as carputer-
assisted education will becx:me nore widespread in the future, 
students, and particularly teachers, will gain by the largely 
subconscious rrental adjustnent they will make to this foot-
in-the-door fonn of carputer-assisted education. Ii:>pefully, 
further introduction of oarputer-assisted educational techniques 
~meet less resistance fran teachers reluctant to alter the 
status-quo or to work with oooplex machines they don't underst.ard 
ard therefore fear. Since the cx::nputer and input device would 
be used for grading only intermi.ttently, the school district 
could use the equipnent the majority of the t.ine to handle routine 
achinistrative paper work. The rental cost of the 1288 input 
device (about $6000/nalth) quite !X)ssibly could be justified by 
other uses entirely, arxl the cx:>sts of other adjustrrents necessary 
to introduce limited carputer grading would be minimal. 
During the seoand semester of the 1967-68 academic year and 
the first semester of the 1968-69 academic year, oarputer-assist.ed 
grading as discussed above was used in the seventh-and ei<ghth~ 
history and English classes of Mrs. Julia M:>rrison at Chester w. 
Nimitz Junior High in Huntington Park, california. The school 
is in the Los Angeles public school system. Resp:>nses fran both 
teachers and students were OOtai.ned to evaluate the grading process. 
All teachers were interested in OOlplter grading, but rrost 
\oOll.d not voll.mtarily use it unless they oould maintain their 
already--established grading procedures and cx:>uld avoid any 
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direct <X»'ltact with the c::x:nputer and its input devices. Virtually 
1'¥) teachers ~uld use a key-punch device, as was dale during 
these trials, to prepare input for the cx:rtpUter. A survey of 
teacher grading rrethods irrlicat:.ed that any program which 1«>uld 
be usable by all teachers ~uld have to satisfy at least the 
following CXJndi ticns: 
(1) Allowable class si!!e should be variable up to a ma.xinun 
of 50 students. The program should be able to account for 
stu:ients entering and leaving during the school year. 
(2) The program should allow a variable m.rri:ler of grades 
for each student. Excused absences and extra ~rk result in 
these variations. Up to one grade per school day should be 
allowable. 
( 3) '1be program should be able to ~rk with either letter 
grades or nuroer grades. Rarely, hc1,t.lever, will a teacher use 
a catt>ination of both. Each grade, of <DUrse, nust be able to 
be assigned a different weighting factor. 
(4) The grades for each student should be able to be placed 
into groups. These groups should be able to be labeled (such 
as tests, maps, hanework, etc.), and the stl.Xlent's performance 
in each group analyzed. 
(5) '!be program soould be able to rank the students in 
the class and to assign, if the teacher desires, letter grades 
to each student on the basis of boundaries determined by the 
teacher. Also, the program soould be able to assign to any partic-
ular student any particular grade regardless of the work that the 
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st\.Xlent has done. In a .....ord, the ccrrputer must be able to cheat. 
Teachers use this option rrost frequently to give well-behaved, 
hardlr.orking stooents with failing grades a passing D. 
( 6) Teachers srould be able to cb;)ose whether to reoei ve 
a ai.ft'ple, one-page smmary of the class grades or a rrore detailed 
output that provides information for both the teacher and the 
student. 'nle detailed output should provide for each student 
to receive a sheet detailing his grades, his relative weaknesses 
and strengths, his progress to date, and appropriate CD'lgratula-
tory or acm:ni. tory cxmrents. A duplicate sheet should be pro-
vided for the teacher. '!be teacher sl'n.tld be allONed to suppress 
the cx:mnents if desired. Adnonitory cxmrents are usually 
S\JR)ressed for students doing their best but still failing. 
A program meeting all of the al:xJve requirerrents, although 
not in the rrost efficient manner, was used to grade the st~ts 
at Ni.mi tz Junior High. Five classes, totaling al:out 170 st\.rlents, 
were graded in the spring senester of 1967-68 and five classes, 
totaling alx>ut 150 students, were graded in the fall senester of 
1968-69. Detailed output was provided to the students every 
five weeks. At the end of each serester the sttrlents were asked 
what they liked best and least about curputer grading. cne-third 
of the st\Dents either made no response or made no pertinent 
response. lll students responded in a general sense, saying they 
either liked or disliked heing graded by CXITpUter. 77 st\rl:mts 
said they liked being graded by <.x:aTpUter and getting the sheet of 
infonnation, and 34 sb.rlents said they disliked being graded by 
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the oarputer. Of the 77 favorable responses, 59 were fran gocxl 
stt.dents, students making a grade of B or better, and 18 were 
fran poor students, sttrlents making a grade of c or worse. Of 
the 34 tmfavorable responses, 27 were fran JX)Or sttdents and 7 
were fran gocxl students. Undoubtedly, an indeterminate nmber 
of st\rlents had their opinions on <u~vprter grading shaped by the 
grade they received. 
AOOut 100 students responded specifically to the questions 
asked and noted what aspects of CUTpUter grading they liked IroSt 
and least. A sunmary of these responses, both favorable and 
tmfavorable, appears in Tables I and II. 46 students, nost of 
them 9QOd st\Xlents, liked receiving the sheet \llhich described 
in detail areas in which they were doing "Well and areas in which 
they were ooi.ng poorly. Apparently some of the good students 
used this information to their advantage. The 9)0d students 
also liked having the <Xll'pUter det:ennine the class ranking of 
each stOOent. Not sw:prisingly, only one poor student enjoyed 
seeing where he ranked the class. Only three students, however, 
really disliked being ranked. 
Sixteen students displayed their faith in the infallibility 
of machines by saying they liked best the fact that the machine 
was so accurate. This attitude was widespread throughout the 
students. They felt that the machine could not cheat thEm 
because of personal prejooioe, and a::rtplaints about grades were 
significantly larered. The students were not aware of the fact 
that iOOeed the machine could discriminate against them. <ne 
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fellow still felt cheated, ~verI although in his case it was 
not true. 
As mentioned, students "Were given responses, c::xmgratulatocy 
or adlronitory, regarding their perfonnanoe. During the first 
serrester of c:x::Jtt)Uter grading, the responses the ccrrputer printed 
out on the sheets were not changed during the entire semester. 
At the end of this I!JE!!mester, twenty students, nost of than good, 
<XIT'plained about the cx:cttnents. Their primary CXJTplaint was that 
the CD'II'ftents were the same all serester lor¥], and they <:Pt tired 
of seeir¥:J the sane words over and over again. The next serester, 
the cx:cttnet\ts were varied slightly fran one grading period to the 
next, and this eliminated the sttrlent CXJTplaints on this point. 
cnl.y three stu:lents CXJTplained about the came1ts after the next 
tenn, an3 ~of these were poor students who said they disliked 
being told how poorly they were ooing. Conversations between 
st'OOents and the teacher indicated, however, that many students 
disliked the fact that all stwents that did well reoei ved the 
Slm'e CX:Ctttents and all st00er1ts that did poorly received the sarre 
caratents. They felt that each individual sb.rlent was different, 
and the cxmnents should therefore be different for each stu3ent. 
'Ihe seventh- and e ighth-grade students did not understand 
sane of the concepts presented to them by ocrrputer grading. 
Virtually none of the students initially understood the meaning of 
percentages and class rankings. These ooncepts had to be 
explained to them. Also, sane of the \tiiOrds used in the <XJtitents 
-were not understood by all the stlrlents. Care should be taken 
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to ensure that all students understand the i.nfar:mation presented 
to them. Four students c:arplained about this subject at the ends 
of the semesters. 
Both teacher response and student response tcMards li.mi ted 
oc:rrputer grading were fa"VOrable. 'lWo semesters of experienoe 
with a grading program have elucidated many of the factors to be 
oonsidered in CXI't"puter-assisted grading. Uncb.lbtedly, eadl 
schcx>l district would have its own peculiarities to be considered, 
but many factors would be cx:mron to all districts. The i.nple-
mentation of limited cx:rrputer grading would not be expensive n::>r 
troublesane for any school district sinoe it uses procedures and 
carputer facilities whidl are already in use or \-lhich can be shared 
with aaninistrati ve departirents. Ccrtputer grading, however, is 
in one respect much like cx:rrputer ballot-counting in elections: 
the OOO'p\lter is only called upon intennittently, but when it is 
called, it is expected to work correctly right CMaY· 
Ack:nawledqner1t. My thanks to Dr. Frank Yett, Chairman of the 
Pasadena City College Center for cntputer-Assisted Learning, and 
to Mr. Mike Marienthal, Principal of Nini tz Junior High • 
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Table I. Favorable Responses 
Subject Favorable Responses fran 
Good Stujents I Poor Students 
Class Ranking 20 1 
Fairness 12 4 
Detailed Analysis 31 15 
Ccxlputer ecrments1 7 2 
carputer carments2 3 4 
-. 
Table II. Unfavorable Responses 
. 
Subject Unfavorable Responses fran 
Good Students J Poor Students 
Class Ranking 1 2 
Fai:rness 1 0 
Detailed Analysis 4 4 
Cl:lrputer Ch1uents1 13 7 
Ccl1puter Chtuents 2 1 2 
Qmprehensibili ty 3 1 
lseaona semester, 1967-1968, only 
2First semester, 1968-1969, only 
Total 
Favorable 
Responses 
21 
16 
46 
9 
7 
Total 
Unfavorable 
Responses 
3 
1 
8 
20 
3 
4 
